Contact Projective Structures by Fox, Daniel J. F.
ar
X
iv
:m
at
h/
04
02
33
2v
2 
 [m
ath
.D
G]
  2
3 M
ar 
20
05
CONTACT PROJECTIVE STRUCTURES
DANIEL J. F. FOX
Abstract. A contact path geometry is a family of paths in a contact mani-
fold each of which is everywhere tangent to the contact distribution and such
that given a point and a one-dimensional subspace of the contact distribution
at that point there is a unique path of the family passing through the given
point and tangent to the given subspace. A contact projective structure is a
contact path geometry the paths of which are among the geodesics of some
affine connection. In the manner of T.Y. Thomas there is associated to each
contact projective structure an ambient affine connection on a symplectic man-
ifold with one-dimensional fibers over the contact manifold and using this the
local equivalence problem for contact projective structures is solved by the con-
struction of a canonical regular Cartan connection. This Cartan connection
is normal if and only if an invariant contact torsion vanishes. Every con-
tact projective structure determines canonical paths transverse to the contact
structure which fill out the contact projective structure to give a full projec-
tive structure, and the vanishing of the contact torsion implies the contact
projective ambient connection agrees with the Thomas ambient connection of
the corresponding projective structure. An analogue of the classical Beltrami
theorem is proved for pseudo-hermitian manifolds with transverse symmetry.
Contents
1. Introduction 1
2. Contact Projective Structures 6
3. Ambient Connection 15
4. Canonical Cartan Connection 26
5. Applications 37
References 40
1. Introduction
This paper makes a thorough study of contact projective structures, certain
geometric structures supported by a contact manifold, (M,H). Along with con-
formal, CR, and projective structures; path geometries; and almost Grassmannian
geometries; contact projective structures are examples of curved geometric struc-
tures modeled on a homogeneous quotient, G/P , where G is semi-simple and P
is a parabolic subgroup. For contact projective structures the model G is the real
symplectic linear group and P is the subgroup fixing a one-dimensional subspace
of the defining representation of G, and corresponding to marking the first node on
the Dynkin diagram Cn.
The study of the geometry of such structures is facilitated by the construction
from some underlying geometric data, e.g. a section of a weighted tensor bundle (as
1
2 DANIEL J. F. FOX
for conformal structures) or a foliation (as for generalized path geometries), of a P
principal bundle supporting a (g, P ) Cartan connection (for background on Cartan
connections see [6] or [18]). For this there are various approaches, e.g. E. Cartan’s
method of equivalence, T.Y. Thomas’s ambient constructions, or N. Tanaka’s Lie
cohomological prolongations. Theorems associating canonical regular, normal Car-
tan connections to broad classes of generalized G-structures on filtered manifolds
have been proved by N. Tanaka, [22], T. Morimoto, [16], and A. Cˇap - H. Schichl,
[4]. The projective and contact projective structures are exceptional for these theo-
rems because in these cases a certain Lie algebra cohomology fails to vanish (see [5]
and [27]). The local equivalence problem for projective structures was in any case
solved by various methods by E. Cartan, T.Y. Thomas, and H. Weyl in the 1920’s.
J. Harrison, [13], and Cˇap-Schichl solved the local equivalence problem for struc-
tures corresponding to a subclass, characterized by the vanishing of an invariant
contact torsion, of what are here called contact projective structures. The main
result of this paper is an ambient construction in the manner of T.Y. Thomas which
is used to associate to each contact projective structure a canonical regular Cartan
connection which is normal if and only if the invariant contact torsion vanishes.
(‘Regular’ and ‘normal’ are used as in [6]). The need to consider non-normal Car-
tan connections seems the most interesting aspect of this paper. Additionally, the
basic local geometry of contact projective structures is described; as an application
there is proved a pseudo-hermitian analogue of the classical Beltrami theorem.
Call a smoothly immersed one-dimensional submanifold a path. Call a path
everywhere tangent to the contact distribution a contact path.
Definition 1.1. A contact path geometry is a (4n − 5) parameter family of
contact paths in the (2n − 1)-dimensional contact manifold, (M,H), such that for
every x ∈ M and each L ∈ P(Hx) there is a unique contact path in the family
passing through x and tangent to L. Two such families of paths are equivalent
if there is a contactomorphism mapping the paths of one family onto the paths of
the other family. A contact projective structure is a contact path geometry the
paths of which are among the unparameterized geodesics of some affine connection.
Two contact projective structures are equivalent if and only if they are equivalent
as contact path geometries. The contact paths of a contact projective structure are
called contact geodesics.
The model contact projective structure is the projectivization of a symplectic vector
space with the family of contact lines comprising the images in the projectivization
of the two-dimensional isotropic subspaces. A contact projective structure is flat if it
is locally equivalent to this model. Every three-dimensional contact path geometry
is locally equivalent to that contact path geometry determined by the solutions
of a third order ODE considered modulo contact transformations, and the local
equivalence problem for these structures was solved by S.-S. Chern, [8]. The study
of the higher dimensional contact path geometries is an ongoing project of the
author; in this paper attention is restricted to the contact projective structures.
The study made here of contact projective structures is modeled on the classical
study of projective structures.
Definition 1.2. A path geometry on an n-dimensional smooth manifold, M ,
is a (2n − 2) parameter family of paths in M , such that for every x ∈ M and
each L ∈ P(TxM), there is a unique path of in the family passing through x and
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tangent to L. Two such families of paths are equivalent if there is a diffeomor-
phism of M mapping the paths of one family onto the paths of the other family. A
projective structure is a path geometry the paths of which are among the unpa-
rameterized geodesics of some affine connection. Equivalently, it is an equivalence
class of torsion-free affine connections, [∇], such that the unparameterized geodesics
of any two representative connections are the same. Two projective structures are
equivalent if they are equivalent as path geometries.
Using his method of equivalence, Cartan, [7], attached to each projective structure
a unique regular, normal Cartan connection. T.Y. Thomas’s construction of an
‘ambient’ affine connection associated to a projective structure provides an alter-
native to the method of Cartan. On a manifold with a projective structure there is
a distinguished family of torsion free affine connections parameterized by the pos-
sible choices of a volume form. The ambient manifold is the total space of the R×
principal bundle of non-vanishing 1
n+1 -densities on the n-dimensional base mani-
fold. Thomas built a functor associating to each projective structure a Ricci flat
torsion-free affine connection on the ambient manifold, homogeneous in the vertical
direction and making parallel a canonical volume form.
In his thesis, [13], J. Harrison called by ‘contact projective structures’ certain pro-
jective structures on a contact manifold suitably adapted to the contact structure,
and showed that Thomas’s ambient connection parallelized a canonical symplectic
structure, and from this built a tractor connection. It is worth emphasizing that
Harrison’s initial data of a full projective structure, which is a 4n−4 parameter fam-
ily of paths, comprises strictly more data than the 4n−5 parameter family of paths
herein assumed given. That the projective structures studied by Harrison corre-
spond to the subclass of contact projective structures determined by the vanishing
of the invariant contact torsion is a consequence of Theorem 3.2, which associates
to each contact projective structure a full projective structure. In Section 3.24 of
[4], Cˇap and Schichl describe efficiently and briefly a construction of a canonical
regular, normal Cartan connection in a setting which corresponds also to the case
of contact projective structures with vanishing contact torsion. They formulate the
input data as a choice of a section of the subbbundle comprising elements with
co-closed torsion of a certain vector bundle, constructed in section 3.13 of [4], over
an abstractly given P principal bundle. This choice determines a harmonic P frame
bundle of length two to which a general prolongation procedure is applied. It also
determines a class of partial connections on the contact distribution, from which
may be constructed a contact projective structure which necessarily has vanishing
contact torsion. It is not clear whether this construction could be generalized to
encompass contact projective structures with non-vanishing contact torsion.
The rest of the introduction describes in more detail the results of this paper.
Attached to each contact projective structure is the equivalence class of affine con-
nections comprising those connections each of which has among its unparameterized
geodesics the given contact geodesics. The choice of contact one-form is refered to
as a choice of scale. Such a choice is analogous to the choice of a representative
metric on a conformal manifold or a pseudo-hermitian representative on a CR man-
ifold. Theorem A is a direct analogue of results about conformal or CR structures,
associating to each choice of scale a unique affine connection.
Theorem A. On a contact manifold, let a contact projective structure be given.
Choose a contact one-form, θ, and let T denote its Reeb vector field. There exists
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a unique affine connection, ∇, with torsion tensor, τ , having among its unparame-
terized geodesics the given contact geodesics and satisfying:
1. ∇θ = 0.
2. ∇dθ = 0.
3. i(T )τ = 0.
4. The trace of the torsion of ∇ vanishes.
As the torsion is a
(
1
2
)
-tensor, it may be contracted on its up index and either down
index. Because the torsion is skew-symmetric in its down indices, condition 4 does
not depend of the choice of down index, and the interior multiplication in condition
3 may be taken in either index. The connection, ∇, of Theorem A preserves H and
the symplectic structure induced on H by dθ.
A piece of the torsion of the connection associated by Theorem A to the given
choice of scale, essentially the torsion in the contact directions, does not depend on
the choice of scale, and is therefore an invariant of the contact projective structure.
In general, this contact torsion need not vanish, although it necessarily vanishes in
dimension three. In Theorem 2.2 there is constructed a contact projective structure
with contact torsion prescribed in a open neighborhood, and the space of contact
projective structures with a given contact torsion is parameterized explicitly by sec-
tions of the bundle of completely symmetric covariant three tensors on the contact
distribution. In particular there exist locally infinitely many inequivalent contact
projective structures with vanishing contact torsion. When the contact torsion van-
ishes there is a contact projective Weyl curvature invariant under change of scale. In
dimension at least 5 the contact torsion and the contact projective Weyl tensor are
the complete obstruction to local equivalence to the flat model. In dimension three
the contact torsion and the contact projective Weyl tensor vanish identically and
there is an invariant tensor, analogous to the Cotton tensor of three-dimensional
conformal geometry, which is the complete obstruction to local flatness.
The classical Beltrami theorem states that the projective structure determined
by the geodesics of a Riemannian metric is flat if and only if the metric has constant
sectional curvature. The contact geodesics of a pseudo-hermitian structure generate
a contact projective structure, and Theorem 5.3 shows that the contact projective
structure induced by an integrable pseudo-hermitian structure with transverse sym-
metry is flat if and only if the Webster sectional curvatures are constant.
Theorem B is an analogue for contact projective structures of the ambient con-
struction of T.Y. Thomas. In the theorem the ‘ambient’ manifold, L, is a square-
root of the bundle of positive contact one-forms on the co-oriented contact manifold,
(M,H); X is the vertical vector field generating the dilations in the fibers of L→M ;
α is the tautological one-form on L; and Ω = dα is the canonical symplectic struc-
ture on L. Any (local) section, s :M → L, determines a horizontal lift, Xˆ ∈ Γ(TL),
of a vector field X ∈ Γ(TM). The curvature tensor of an affine connection, ∇ˆ, on
L, is denoted RˆIJK
L, and indices are raised and lowered with ΩIJ .
Theorem B. Let (M,H) be a co-oriented contact manifold and let ρ : L → M
be a square-root of the bundle of positive contact one-forms. There is a functor
associating to each contact projective structure on M a unique affine connection,
∇ˆ, (the ambient connection), on the total space of L, having torsion τˆ , and
satisfying the following conditions:
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1. ∇ˆX is the fundamental
(
1
1
)
-tensor on L.
2. i(X)τˆ = 0.
3. ∇ˆΩ = 0.
4. The Ricci trace of the curvature tensor of ∇ˆ vanishes.
5. There vanishes the restriction to kerα of the tensor RˆQ
Q
IJ .
6. For any (local) section, s : M → L, the affine connection, ∇¯, on M defined by
∇¯XY = ρ∗(∇ˆXˆ Yˆ ) represents the given contact projective stucture.
Moreover, the contact projective structures with vanishing contact torsion are in
bijection with the torsion free affine connections satisfying conditions 1, 3, 4, and
6. In this case condition 2 is vacuous, 5 follows from 4 by the contracted first
Bianchi identity, and the curvature tensor is completely trace free.
A projective structure on a contact manifold is said to be subordinate to a contact
projective structure if the contact geodesics of the contact projective structure are
among the geodesics of the projective structure. Theorem 3.2 shows that each con-
tact projective structure determines a canonical subordinate projective structure.
If the contravariant part of the projective Weyl tensor of a subordinate projective
structure takes values in the contact distribution, the projective structure is called
contact adapted. Corollary 3.1 shows that every contact adapted projective struc-
tures arises as the canonical projective structure subordinate to a contact projective
structure with vanishing contact torsion. The projective structures considered by
Harrison in [13] are exactly the contact adapted projective structures.
Using Theorem B and the tractor formalism of Cˇap - R. Gover, [3], there is
built from the ambient connection a canonical Cartan connection associated to
each contact projective structure. Each choice of L determines a tractor bundle
and a canonical P principal bundle, pi : G → M , the bundle of filtered symplectic
frames in the tractor bundle. A (g, P ) Cartan connection on G is called compatible
if it is regular and it induces the underlying co-oriented contact structure. In
general, many compatible Cartan connections induce a given contact projective
structure. The Cartan connection built from the ambient connection is a canonical
representative of an isomorphism class of such connections distinguished by certain
algebraic restrictions on the values taken by their curvature functions. There is
defined in Section 4.4 a P -submodule K ⊂ Λ2((g/p)∗) ⊗ g such that the following
theorem holds (p is the Lie algebra of P ).
Theorem C. On a co-oriented contact manifold, let L be a square-root of the
bundle of positive contact one-forms, and let G be the associated bundle of filtered
symplectic frames in the tractor bundle. Among the compatible (g, P ) Cartan con-
nections on G inducing on M a given contact projective structure, there is a unique
isomorphism class of (regular) connections with curvature in K. A unique rep-
resentative of this isomorphism class is distinguished by the requirement that the
covariant differentiation it induces on TL be the ambient connection of the under-
lying contact projective structure. The underlying contact projective structure has
vanishing contact torsion if and only if the associated Cartan connection is normal.
The geometric data of the contact paths is regarded here as the primary structure;
a canonical Cartan connection is built from them as a tool for their study. This
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connection is not, in general, normal, and requiring normality would not be natural
because there is no obvious a priori way to distinguish the corresponding under-
lying families of contact paths. When the contact torsion vanishes, the connection
produced by Theorem C coincides with that constructed by Cˇap-Schichl in [4].
Andreas Cˇap generously communicated his ideas about contact projective struc-
tures and he made helpful remarks about the prolongation procedure of [4]. I
thank him for his comments which have influenced the point of view taken here.
This project benefited at every stage from the guidance and criticism given the
author by Robin Graham. This paper is based on part of the author’s Ph.D. thesis
at the University of Washington.
2. Contact Projective Structures
2.1. Preliminaries and Notational Conventions. A contact manifold is a
smooth (2n−1)-dimensional manifold,M , with a maximally non-integrable, codim-
nesion 1 distribution, H . A contactomorphism is a diffeomorphism of M that
preserves H . A contact one-form is a non-vanishing one-form, θ, annihilating H .
If an orientation is fixed on (TM/H)∗, M is called co-oriented, and a choice of θ
consistent with the given co-orientation is called positive. It will be assumed, usu-
ally without comment, that (M,H) has a fixed co-orientation, and pi : C→M will
denote the R>0 principal bundle of positive contact one-forms. Each choice of θ de-
termines uniquely a Reeb vector field characterized by θ(T ) = 1 and i(T )dθ = 0.
Lowercase Latin indices will run from 1 to 2n−2. Lowercase Greek indices will run
from 0 to 2n−2. A coframe, θα, is θ-adapted if θ0 = θ and θi(T ) = 0. An adapted
coframe determines a dual frame, Eα, such that E0 = T and the Ei span H . When
a contact form is fixed, an adapted coframe and corresponding dual frame will be
assumed fixed also. The notations S[α1...αk] and S(α1...αk) denote, respectively, the
complete skew-symmetrization and the complete symmetrization over the bracketed
indices. Sometimes the abstract index notation will be used, so that equations with
indices have invariant meaning. Greek abstract indices label sections of tensor bun-
dles onM , while Latin abstract indices label sections of the tensor powers of H and
H∗, so that an expression such as τ[ij]
k indicates a section of Λ2(H∗)⊗H . Each θ
determines a splitting, TM = H⊕span{T }, which induces a splitting of the full ten-
sor bundle. Using these splittings Latin abstract indices may be interpreted as the
components of a tensor with respect to a θ-adapted coframe and dual frame. The
components of ω = dθ are ωαβ = ω[αβ] = ω(Eα, Eβ). As ω0α = 0, ω may be written
as ω = 12ωijθ
i ∧ θj . Latin indices may be raised and lowered using ωij according
to the following conventions. Defining ωkl by ωklωlj = −δj
k, let γp = ωpqγq, and
γp = γ
qωqp. It is necessary to pay attention to which index is raised or lowered
as, for instance, ηpγp = −ηpγ
p. There vanishes the trace, using ωpq, over any pair
of indices in which a tensor is symmetric. As, for any Si1...i2k+1 , the contraction,
Spq = S
i1...i2k
pSi1...i2kq, is symmetric, this implies S
i1...i2k+1Si1...i2k+1 = 0. Under
a change of scale, θ˜ = f2θ, (f 6= 0), the symplectic structure defined on H by the
restriction to H of ω rescales by f2, so there is a well-defined conformal symplectic
structure on the contact hyperplane. The non-degeneracy of dθ on H is equivalent
to θ ∧ (dθ)n−1 6= 0. Under rescaling this volume transforms by
(2.1) θ˜ ∧ (dθ˜)n−1 = f2nθ ∧ (dθ)n−1
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A θ˜-adapted coframe and corresponding dual frame, are defined by
θ˜i = θi − 2γiθ, E˜i = Ei, f
2T˜ = T + 2γpEp,(2.2)
where γ = d log f . The coordinate expressions of tensors labeled with a ˜ are taken
with respect to the θ˜-adapted coframe and dual frame defined in (2.2), unless there is
made a specific indication otherwise. The expression ω˜ij has an invariant meaning;
it indicates the section of Λ2(H∗) obtained by restricting ω˜ to H . Alternatively,
ω˜ij may be viewed as the components of ω˜ with respect to a θ˜-adapted coframe.
Every affine connection, ∇, decomposes as ∇XY =
S∇XY +
1
2τ(X,Y ), where
the skew-symmetric
(
1
2
)
-tensor, τ , is the torsion of ∇, and the torsion-free affine
connection, S∇, is the symmetric part of ∇. The difference tensor, Λ, of two
affine connections, ∇¯ and ∇, is the
(
1
2
)
-tensor defined by Λ(X,Y ) = ∇¯XY −∇XY .
The difference of the torsions of the connections is
(2.3) τ¯αβ
γ − ταβ
γ = 2Λ[αβ]
γ .
Let Sα1...αkβ1...βl be any
(
k
l
)
-tensor. The following equation describes the action of the
difference tensor on the tensor Sα1...αkβ1...βl :
(2.4) ∇¯γS
α1...αk
β1...βl
−∇γS
α1...αk
β1...βl
= −
l∑
i=1
Λγβi
σSα1...αkβ1...σ...βl +
k∑
i=1
Λγσ
αiSα1...σ...αkβ1...βl
There will be used sometimes the specialization obtained by regarding half the
torsion tensor of a connection as the difference tensor of the connection and its
symmetric part. Finally, for any k-form, η, there holds
(2.5) (k + 1)∇[α1ηα2...αk+1] = dηα1...αk+1 −
(
k+1
2
)
ηβ[α1...αk−1ταkαk+1]
β .
2.2. Canonical Representative Connections. A parameterized curve, γ, de-
scribes the same path as does a geodesic of the affine connection, ∇, if and only if
γ˙ ∧ ∇γ˙ γ˙ = 0. An affine connection, ∇, on (M,H) is said to admit a full set of
contact geodesics if every geodesic of ∇ tangent to H at one point is everywhere
tangent to H .
Lemma 2.1. For any contact manifold, (M,H), the following are equivalent:
1. The affine connection, ∇, admits a full set of contact geodesics.
2. For any choice of one form, θ, annihilating H, ∇(iθj) = 0.
Note that the condition ∇(iθj) = 0 does not depend on the choice of scale.
Proof. This follows from the observation that for any geodesic, γ, and any connec-
tion, ∇, there holds γ¨0 = γ˙iγ˙j∇(iθj). 
Lemma 2.2. Affine connections ∇ and ∇¯ on (M,H), each admitting a full set
of contact geodesics, determine the same contact projective structure if and only if
their difference tensor, Λ, satisfies the following two conditions:
1. Λ(ij)
0 = 0.
2. There is a smooth section, σ, of H∗ such that Λ(ij)
k = δi
kσj + δj
kσi.
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Proof. First it will be shown that if ∇ and ∇¯ admit that same full set of unparam-
eterized contact geodesics, then conditions 1 and 2 are satisfied by the difference
tensor Λ. Choose a contact one-form θ. By Lemma 2.1 and (2.4), Λ(ij)
0 = 0. That
the path of a parameterized curve, γ, is the path of a contact geodesic for each of
∇¯ and ∇ means γ˙ ∧Λ(γ˙, γ˙) = 0. Since ∇¯ and ∇ admit the same full set of contact
geodesics, this implies
(2.6) Λ(ij
pδk)
q − Λ(ij
qδk)
p = Λ((ij)
pδk)
q − Λ((ij)
qδk)
p = 0.
Tracing (2.6) in q and k gives 2 with σi =
1
2n−1Λ(ip)
p. For the converse, let γ
be a contact geodesic for ∇ with its affine parameterization. Then ∇¯γ˙ γ˙ = ∇γ˙ γ˙ +
Λ(γ˙, γ˙) = 2σ(γ˙)γ˙, so that γ˙ ∧ ∇¯γ˙ γ˙ = 0, and γ traces out the path of a contact
geodesic for ∇¯. 
A contact projective structure may be identified with the equivalence class, [∇],
of affine connections on M having the property that each representative of the
equivalence class admits the given full set of contact geodesics.
The following observations are used in the proof of Theorem A. Let ∇ be an
affine connection such that ∇θ = 0 and ∇ω = 0. (2.5) applied to ∇θ and to ∇ω,
respectively, implies
ταβ
0 = ωαβ , ωσ[γταβ]
σ = 0,(2.7)
respectively. Tracing (2.7) shows 2τip
p = −τp
p
i. This shows that there is, up to
a scalar factor, only one section of H∗ obtainable by tracing the torsion. Applied
to ∇ω = 0, (2.4) and (2.7) give S∇γωαβ =
1
2ωγσταβ
σ. Covariantly differentiating
the conditions, θ(T ) = 1 and i(T )ω = 0, defining T shows that T is parallel. By
definition of the torsion tensor, ∇T = LT if and only if i(T )τ = 0.
Proof of Uniqueness in Theorem A. Fix a θ-adapted coframe. Suppose given rep-
resentatives, ∇ and ∇¯, of [∇] satisfying conditions 1-4, and having difference tensor
Λ. (2.4), ∇T = 0, and (2.3) show Λαβ
0 = 0, Λβ0
α = 0, and Λ0β
α = 0. By (2.4),
0 = ∇¯kωij − ∇kωij = −Λk[ij], and so also Λip
p = 0. Since τ¯ip
p − τip
p = 0,
(2.3) implies Λ[ip]
p = 0, and so Λ(ip)
p = Λip
p − Λ[ip]
p = 0. By Lemma 2.2,
Λ(ij)
k = 12n−1 (δi
kΛ(jp)
p+ δj
kΛ(ip)
p) = 0. Any
(
0
3
)
-tensor skew in two indices and
symmetric in two indices vanishes, so Λijk = 0. 
Proof of Existence in Theorem A. Given any representative, ∇ ∈ [∇], and a choice
of θ, ∇(iθj) = 0. A connection in [∇] satisfying the conditions 1-4 is produced by
succesive modifications of ∇. In each of the following claims, a connection ∇¯ is
obtained from a given connection, ∇, by specifying their difference tensor, Λαβ
γ .
The proofs of the claims are straightforward computations using (2.3), (2.4), (2.5),
(2.7) and Lemma 2.2 so are omitted.
Claim 1. Assume ∇ ∈ [∇]. Define Λαβ
γ = δ0
γ∇αθβ. Then ∇¯ ∈ [∇] and ∇¯θ = 0.
Thus it may be assumed from the beginning that ∇θ = 0.
Claim 2. Suppose given ∇ ∈ [∇] such that ∇θ = 0. Define Λαβ
γ = −δβ
0∇αT
γ.
Then ∇¯ ∈ [∇]; ∇¯θ = 0; and ∇¯T = 0.
Claim 3. Suppose given ∇ ∈ [∇] with torsion, τ , such that ∇θ = 0 and ∇T = 0.
Define Λαβ
γ = −δα
0τ0β
γ . Then ∇¯ ∈ [∇]; ∇¯θ = 0; ∇¯T = 0; the torsion, τ¯ , of ∇¯
satisfies i(T )τ¯ = 0; and ∇¯Tω = 0.
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Claim 4. Suppose given ∇ ∈ [∇] such that ∇θ = 0; ∇T = 0; the torsion, τ , of
∇ satisfies i(T )τ = 0; and ∇Tω = 0. Define Λαβ
0 = 0 and Λαβk = −∇kωαβ +
3
2τ[αβ
pωk]p. Then ∇¯ ∈ [∇]; ∇¯θ = 0; ∇¯ω = 0; and the torsion, τ¯ , of ∇¯, satisfies
i(T )τ¯ = 0.
Claim 5. Suppose ∇ ∈ [∇] with torsion τ is chosen so that ∇θ = 0, ∇ω = 0 and
i(T )τ = 0. Let (2n− 1)γi = τip
p and define Λ by
Λij
p = γjδi
p + ωijγ
p, Λαβ
0 = 0, Λ0β
α = 0 = Λβ0
α.
Then ∇¯ ∈ [∇] satisfies conditions 1-4 in the statement of Theorem A.
[End of Proof of Theorem A] 
2.3. Contact Torsion.
Lemma 2.3. Given a contact projective structure, let Λ be the difference tensor of
the representatives, ∇˜ and ∇, associated by Theorem A to the choices of contact
one-forms, θ˜ = f2θ and θ. With respect to a θ-adapted coframe and dual frame,
the components of Λ are expressible in terms of γ = d log f as
Λij
p = γiδj
p + γjδi
p + ωijγ
p,(2.8)
Λαβ
0 = 2γαδβ
0, Λi0
j = 4γiγ
j − 2∇iγ
j,(2.9)
Λ0i
j = −2γqτqi
j − 2∇iγ
j, Λ00
i = −2∇0γ
i + 4γ0γ
i + 4γq∇qγ
i.(2.10)
Proof. Let ∇ be the connection associated to θ by Theorem A and define ∇˜ by
requiring that its difference tensor with ∇ be given by (2.8)-(2.10). Routine com-
putations show that the ∇˜ so defined satisfies the conditions of Theorem A with
respect to θ˜, and so is the unique connection associated to θ˜ by Theorem A. 
Lemma 2.3 is useful for computing the transformation of covariant derivatives under
change of scale. For instance, for a section, σi, of H
∗.
(2.11) ∇˜iσj = ∇iσj − σiγj − γjσi − σpγ
pωij .
Theorem 2.1. Given a contact projective structure let ∇ be the affine connection
associated by Theorem A to the contact one-form, θ. The torsion, τ , of ∇ deter-
mines a section, τij
k, of
∧2(H∗) ⊗H, that is independent of the choice of scale,
θ. The section, τij ,
k, will be called the contact torsion of the contact projective
structure.
Proof. By (2.2) and (2.3), 2Λ[ij]
k = τ˜ij
k + 2γkωij − τij
k, and by (2.8), 2Λ[ij]
k =
2γkωij , so τ˜ij
k = τij
k. 
Proposition 2.1. In three dimensions τij
k = 0 identically.
Proof. A trace free tensor with the symmetries of the contact torsion, τ[ij]k = τijk
and τ[ijk] = 0, lies in the irreducible representation of Sp(n− 1,R) corresponding
to the Young diagram determined by the partition (2, 1), which, by the criterion of
Weyl, ([26], Section 6.3, p. 175), is non-trivial if and only if 2n− 1 > 3. 
Remark 2.1. One possibly interesting class of paths determined by a contact
projective structure comprises those contact paths such that for any choice of pa-
rameterization, γ(t), and any choice of contact one-form, θ, if ∇ is the connection
associated by Theorem A to θ, then ω(∇γ˙ γ˙, γ˙) = 0. Using (2.8) it is easy to check
10 DANIEL J. F. FOX
that this condition depends on neither the choice of θ nor the choice of parameter-
ization. In three dimensions any such path is evidently a contact geodesic, but in
higher dimensions this need not be the case, as it is easy to give examples in the
flat model of such paths which are not lines.
2.4. Flat Model Contact Projective Structure. The symplectic group, G =
Sp(n,R), is the group of linear automorphisms of a real 2n-dimensional symplectic
vector space, (V,Ω), to be referred to as the standard representation. Let P ⊂ G
be the stabilizer of the one-dimensional subspace, V2 ⊂ V, and let P˜ ⊂ P be the
stabilizer of a vector, v∞, spanning V
2. The Ω-complement, V1 = (V2)⊥, gives
a filtration V2 ⊂ V1 ⊂ V. Fixing v0 ∈ V such that Ω(v∞, v0) = 1 determines a
splitting V = V0 ⊕ V−1 ⊕ V−2, where V0 = V
2 and e0 spans V−2. This grading
of V induces on the Lie algebra, g, of G, a Z-grading g = ⊕2i=−2gi determined by
gk = {g ∈ g : g · Vi ⊂ Vi+k for 0 ≥ i ≥ −2}. The subspace g−2 has dimension 1,
and the subspace g−1 has dimension 2n − 2. The subalgebra g− = g−2 ⊕ g−1 is
the usual Heisenberg Lie algebra, and g0 is the conformal symplectic Lie algebra.
With v0 and v∞, an arbitrary basis, vi, of V−1 determines coordinates, u
I , where
I ∈ {∞, 1, . . . , 2n− 2, 0}, so that Ω = 12ΩIJdu
I ∧ duJ with
(2.12) Ω∞0 = 1, Ω∞i = 0 = Ω0i, Ωij = ωij .
Raise and lower indices with ΩIJ according to the convention ΩIQΩQJ = −δJ
I .
Letting vI be a basis of V∗ dual to vI , each element of G may be represented as
AI
JvJ ⊗ v
I , where AI
J is a constant matrix such that AI
PAJ
QΩPQ = ΩIJ . P is
a semidirect product of the subgroup, P+ ⊂ G, with Lie algebra p+ = g1⊕ g2, and
the subgroup, G0 ⊂ G, with Lie algebra g0. These subgroups have the forms:
G0 =



a 0 00 Bi j 0
0 0 a−1

 : a ∈ R×,
B ∈ Sp(n− 1,R)

 , P+ =



1 γi γ00 δi j γj
0 0 1



 .
The normal subgroup P˜ ⊂ P is distinguished by the requirement a = 1. G acts
transitively but not effectively on P(V), and its projectivization is denoted G¯ =
PSp(n,R). The image in G¯ of a subgroup H ⊂ G is denoted by H¯ . The R× = P/P˜
principal bundle, G/P˜ → G/P , recovers the defining bundle, V× = V r {0} →
P(V). The Maurer-Cartan form, ωG, on G is the model for the Cartan connection
associated by Theorem C to a general contact projective structure.
An Ad(P )-invariant filtration of g is defined by fi = ⊕j≥igj . The Lie algebra
of P˜ is p˜ = [p, p]. Let eα be a basis of g−, with e0 a basis for g−2, and satisfy-
ing [ei, ej ] = −2ωije0 and [ei, e0] = 0. Because g is semisimple every derivation
of g is inner and so there is a unique element e∞ ∈ g such that [e∞, gi] = igi.
Fix an invariant bilinear form, B, on g, let e0 ∈ g2 be B-dual to e0, and note
that α¯ = 12B(e
0,−) annihilates f−1. View α¯ as an element of C
1(g,R), where
(Ck(g,R), ∂) is the cochain complex for the cohomology of g acting (trivially) on
R. Then ω¯(eα, eβ) = ∂α¯(eα, eβ) = −
1
2B(e
0, [eα, eβ]) = ωαβ, and ω¯ restricts to give
a symplectic structure on g−1. Because α¯ annihilates f−1, the symplectic form on
f−1/p defined by ω¯(ei + p, ej + p) = ω¯(ei, ej) makes sense. By invariance of B,
the adjoint action of P on g/p preserves ω¯ up to a positive scalar factor, so this
determines a P -invariant positive conformal symplectic structure on f−1/p. The
requirement [ei, ej ] = −2ωije0 selects an Ad(P )-invariant orientation on g/f−1. By
invariance of B, ω¯(eI , eJ) is P˜ -invariant, so ω¯ determines a symplectic form, Ω¯, on
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g/p˜. Note that Ω¯(e∞, e0) = 1, and the map h + p˜ → h · v∞ defines a symplectic
P˜ -module isomorphism, (g/p˜, Ω¯) ≃ (V,Ω), mapping eI + p˜→ vI .
Let Ei and E0 be the left-invariant vector fields on G/P generated by ei and
2e0, respectively. In the natural coordinates on P(V) = G/P , these are given by
Ei =
∂
∂xi
+ ωipx
p ∂
∂x0
, and E0 = 2
∂
∂x0
. Writing ωα0 = 0 = ω0β, the Lie brackets
are [Eα, Eβ ] = −ωαβE0. The canonical contact structure on T (G/P ) is the left-
invariant subbundle of T (G/P ) generated by g−1 and spanned by the vector fields
Ei. A left-invariant section, Θ =
1
2 (dx
0 + ωpqx
pdxq), of the annihilator of H is
determined by the requirement that T = E0 be its Reeb vector field. Define a
connection, ∇, by requiring the left-invariant frame Eα to be parallel. Such a
connection has necessarily torsion τ = dΘ ⊗ T . It is easily checked directly that
∇Θ = 0 and ∇dΘ = 0, so ∇ is a connection satisfying the conditions of Theorem
A. Any left-invariant vector field is a constant coefficient linear combination of Eα,
and is consequently also ∇-parallel. As for any affine connection the integral curves
of a parallel vector field are geodesics, the integral curves of any left-invariant vector
field are geodesics for ∇. Explicit computation shows that these integral curves are
straight lines in R2n−1. The contact projective structure determined by ∇ is the
model for all contact projective structures. A contact projective structure is flat if
and only if it is locally equivalent to this model.
On a contact manifold with a chosen θ, a coordinate chart ψ : U → R2n−1 such
that ψ(p) = 0 and ψ∗(Θ) = θ, is called a Darboux coordinate chart at p. The
Darboux theorem shows that there exists always a Darboux coordinate chart at p.
Proposition 2.2. A co-oriented contact manifold admits a contact projective struc-
ture.
Proof. Fix a contact one-form, θ, and cover M by an atlas, {Ua}, of θ-Darboux
coordinate charts. In each Ua let ∇
a be the representative described above of the
flat contact projective structure associated to θ|Ua . Choose a partition of unity,
φa, subordinate to {Ua} and define ∇XY =
∑
a φa∇
a
XY . It is straightforward to
check that this defines a connection and ∇(iθj) =
∑
a φa∇
a
(iθj) = 0, so that the
geodesics of ∇ generate a contact projective structure. 
2.5. The Affine Space of Contact Projective Structures. There is a well
defined notion of the difference tensor of two contact projective structures, [∇] and
[∇¯], as a section of ⊗2(H∗) ⊗ H . Fix a contact one-form, θ, and let Π be the
difference tensor of the representatives, ∇¯ ∈ [∇¯] and ∇ ∈ [∇], associated to θ by
Theorem A. Each of ∇¯ and∇makes parallel θ and T , and the interior multiplication
of T in the torsion of each vanishes. In conjunction with (2.3) and (2.4), these give
(2.13) Παβ
0 = Πα0
β = Π0α
β = 0,
so that Π may be identified with the section, Πij
k, of ⊗2(H∗) ⊗H . Let Π˜ be the
difference tensor of the representatives, ˜¯∇ ∈ [∇¯] and ∇˜ ∈ [∇], associated to θ˜ by
Theorem A. Keeping in mind that Π˜αβ
γ denote the components of Π˜ with respect
to a θ˜-adapted coframe and dual frame, as in (2.2), observe that, as in (2.13),
Π˜αβ
0 = Π˜α0
β = Π˜0α
β = 0. As a consequence, the components of Π˜ij
k are the
same when calculated in a θ-adapted coframe and dual frame as when calculated
in a θ˜-adapted coframe and dual frame. It is now claimed that Π˜ij
k = Πij
k. Let Λ¯
be the difference tensor of ˜¯∇ and ∇¯, let Λ be the difference tensor of ∇˜ and ∇, and
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observe that Π˜−Π = Λ¯−Λ. (2.8) shows that Λ¯ij
k = Λij
k , so that Π˜ij
k = Πij
k.
Hence Πij
k is independent of the choice of θ, and, consequently, it makes sense to
speak of Πij
k as the difference tensor of the contact projective structures.
The facts about the irreducible representations of the symplectic group used in
the sequel may be found in some form in Section 6.3 of [26] or in [10]. Let A, B, and
C, respectively, be the bundles of tensors on H obtained by raising the third index
of elements of, respectively, S3(H∗); the subbundle of ⊗3(H∗) comprising trace-
free tensors satisfying Bi(jk) = Bijk and B(ijk) = 0; and the subbundle of ⊗
3(H∗)
comprising trace-free tensor satisfying Ci[jk] = Cijk, and C[ijk] = 0. Though the
operation of raising an index depends on the choice of contact one-form, the bundles
so defined do not. By Weyl’s results the fiber over a point of any of A, B, or C is an
irreducible Sp(n − 1,R)-module. Proposition 2.2 shows that the space of contact
projective structures on a co-oriented contact manifold is non-empty. Theorem 2.2
describes the affine structure on this space.
Theorem 2.2. The space of contact projective structures is an infinite-dimensional
affine space modeled on Γ(A⊕B), in the sense that the difference tensor, Πij
k, of
two contact projective structures on M admits a direct sum decomposition, Πij
k =
Aij
k +Bij
k, as a section of A⊕ B. Moreover,
1. The difference of the contact torsions of two contact projective structures is
the image of Bij
k under the isomorphism of tensor bundles, B → C, determined
by Bij
k → 2Π[ij]
k = 2B[ij]
k. In particular, the difference tensor of two contact
projective structures with the same contact torsion is the section, Aij
k, of A.
2. Given p ∈ M there is an open U ⊂ M , containing p, so that for any section,
τij
k ∈ Γ(C), defined over U , there exists in U a contact projective structure with
contact torsion τij
k.
Proof of Theorem 2.2. Let Π be the difference tensor of the contact projective
structures, [∇¯] and [∇], and let ∇¯ ∈ [∇¯] and ∇ ∈ [∇] be the representatives
associated to θ by Theorem A. By (2.4), 0 = ∇¯kωij − ∇kωij = −2Πk[ij], which
shows Πip
p = 0. From 12 (τ¯ijk − τijk) = Π[ij]k there follow Πp
pk = 0 and Π[ijk] = 0,
so that Πijk is completely trace-free. By complete reducibility and Weyl’s descrip-
tion of the irreducible Sp(n− 1,R) modules, there is a direct sum decomposition,
Πijk = Aijk+Bijk, where A ∈ Γ(A) and B ∈ Γ(B), and such that Aijk = Π(ijk) and
B[ij]k = Π[ij]k. Moreover, the map Bij
k → 2B[ij]
k, determines an isomorphism
between the fibers over a point of B and C, and this shows that Bij
k vanishes if
and only if the two contact projective structures have the same contact torsion.
To construct, in a neighborhood of p ∈ M , a contact projective structure, [∇¯],
with contact torsion τij
k ∈ Γ(C), proceed as follows. Fix θ and a Darboux co-
ordinate chart, U , centered on p, and let ∇ be the connection defined in section
2.4. This is the representative associated by Theorem A to θ of the flat contact
projective structure, [∇]. Add to [∇] a difference tensor, Πij
k, satisfying (2.13) and
Πijk =
2
3τi(jk). Then Π[ij]
k = 12τij
k, so there results a contact projective structure
with contact torsion τij
k. 
Remark 2.2. The group, CO+(M,H), of positive contactomorphisms of the co-
oriented contact manifold acts by pullback, φ∗([∇]) = [φ∗(∇)], on the space of
contact projective structures. For a contact projective structure represented by the
equivalence class of connections [∇], define a map Π : CO+(M)→ Γ(⊗2(H∗)⊗H)
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by letting Π(φ) be the difference tensor of [φ∗∇] and [∇]. By definition, Π(φ◦ψ) =
ψ∗(Π(φ)) + Π(ψ), so the map Π is a 1-cocycle of CO+(M,H) taking values in the
space of sections of ⊗2(H∗)⊗H . It may be checked that the cocycles determined
in this way by different choices of [∇] are cohomologous.
2.6. Curvature Identities. Define the curvature tensor of the affine connection,
∇, by R(Eα, Eβ)Eγ = [∇Eα ,∇Eβ ]Eγ −∇[Eα,Eβ]Eγ = Rαβγ
σEσ. The Ricci tensor
is defined by contracting on the middle index, Rαβ = Rασβ
σ. Recall the Bianchi
identities for an affine connection with torsion:
R[αβγ]
σ = ∇[ατβγ]
σ + τδ[α
στβγ]
δ, ∇[αRβγ]δ
σ = τ[αβ
ηRγ]ηδ
σ.(2.14)
Recall also the Ricci identity:
(2∇[α∇β] + ταβ
δ∇δ)S
α1...αk
β1...βl
=
k∑
s=1
Sα1...δ...αkβ1...βl Rαβδ
αs −
l∑
s=1
Sα1...αkβ1...δ...βlRαββs
δ
Let∇ be the connection associated by Theorem A to the choice of contact one-form,
θ. Applying the Ricci identity to the parallel tensors, θ and dθ, gives Rαβγ
0 = 0
and Rαβkl = Rαβlk. Because ∇T = 0, Rαβ0
σ = 0, so Rα0 = Rασ0
σ = 0. Since
Rαβ0
σ = 0, setting γ = 0 in the first Bianchi identity, (2.14), and using τ0α
σ = 0
gives 2R0[αβ]
σ = ∇0ταβ
σ, and contracting this on σ and β gives−R0α = ∇0τασ
σ =
0. This shows R0α = 0. Taking all possible traces of the Bianchi identities (2.14)
proves the following lemma.
Lemma 2.4. On a contact projective manifold let ∇ be the connection associated
by Theorem A to the choice of contact one-form, θ. Then
Rp
p
ij + 2Rij = 2∇pτ
p
ij − τ
pq
jτpqi(2.15)
(2 − n)R0ijk = ∇pR
p
ijk +
1
2∇iRp
p
jk + τi
pqRpqjk,(2.16)
R[ij] = −
1
2∇pτij
p, Rp
p = 0,(2.17)
2R0[ij]
p = ∇0τij
p, τpqrτpqr = 0,(2.18)
∇pRijk
p + 2∇[iRj]k = −τij
pRpk + 2τp[i
qRj]ql
p + 2R0[ij]k,(2.19)
∇qRp
p
i
q − 2∇pRpi = τ
qp
lRqpi
l,(2.20)
∇0Rijkl + 2∇[iRj]0kl = τij
pR0pkl, ∇0Rp
p
ij = 2∇
pRp0ij ,(2.21)
∇0Rij +∇pR0ij
p = τiq
pR0pj
q.(2.22)
Remark 2.3. Lemma 2.4 shows that tracing Rijkl, τijk, and ∇iτjkl gives only the
two tensors, Rij and Rp
p
ij , and (2.15) shows that when τijk = 0 these tensors
coincide up to a constant factor. When 2n− 1 > 3, (2.16), (2.21), and (2.18) show
that R0ijk , ∇0τijk , and ∇0Rijkl are determined completely by Rijkl , τijk , and their
covariant derivatives in the contact directions.
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The following tensors are basic in the study of contact projective structures.
Pij =
1
n(2n−3)
(
(n− 1)Rij −
1
2n−1R[ij] +
1
4Rp
p
ij
)
,(2.23)
Qij =
1
3−2n
(
2Rij +Rp
p
ij −
4
2n−1R[ij]
)
,(2.24)
Wijk
l = Rijk
l + 2δ[i
lPj]k + 2ωk[jPi]
l + 2ωijPk
l + ωijQk
l,(2.25)
Cijk = R0ijk − (2∇iPjk +∇iQjk)(2.26)
+ 12n−1 (2ωik∇pPj
p + ωik∇pQj
p + 2ωij∇pPk
p + ωij∇pQk
p).
Wijk
l is the contact projective Weyl tensor. Cijk should be regarded as an
analogue of the Cotton tensor in conformal geometry, and will be called the contact
projective Cotton tensor. Direct computations verify the following identities.
Q[ij] = −2P[ij] = −
2
2n−1R[ij],(2.27)
2(1− n)Qij +Qji = 2Rij +Rp
p
ij , Qij = 2Rij − 4nPij ,(2.28)
Rp
p = 0 and (2.27) show that Pp
p = 0 = Qp
p. When the contact torsion vanishes,
(2.15) and (2.17) show that Pij =
1
2nRij and Qij = 0, and (2.26) gives
(2.29) Cijk = R0ijk − 2∇iPjk +
2
2n−1 (ωij∇pPk
p + ωik∇pPj
p).
The following identities are verified by direct computation using the definitions and
perhaps also the Bianchi identities.
Wp
p
ij = 0, Wijp
p = 0, Wipj
p = − 12Qij ,(2.30)
Cip
p = 0, Cp
p
k = 0, Ci[jk] = 0.(2.31)
Straightforward computation shows that the curvature tensors, R˜ and R, of
connections, ∇˜ and ∇, with difference tensor, Λ, are related by
(2.32) R˜(X,Y )Z −R(X,Y )Z =
(∇XΛ)(Y, Z)− (∇Y Λ)(X,Z) + Λ(X,Λ(Y, Z))− Λ(Y,Λ(X,Z)) + Λ(τ(X,Y ), Z),
where τ is the torsion tensor of ∇. Write γij = ∇iγj − γiγj +
1
2γ0ωij . With the
set-up as in Section 2.3, using (2.8) and (2.10) in (2.32) gives
R˜ijk
l −Rijk
l = 2δ[j
lγi]k + 2γ[i
lωj]k − 2ωijγk
l − 2ωijτqk
lγq + γkτij
l + γlτijk .
Sometimes involved direct computations using this and (2.15)-(2.22) prove:
Lemma 2.5. Under change of scale there hold the following transformation rules:
R˜ij −Rij = 2nγij + γ
pτpij ,(2.33)
R˜p
p
ij −Rp
p
ij = −4nγij + 2γ
pτijp + 4(1− n)τpij ,(2.34)
2R˜[ij] − 2R[ij] = (2n− 1)γ
pτijp.(2.35)
P˜ij − Pij = γij ,(2.36)
Q˜ij −Qij = 2γ
pτpij ,(2.37)
W˜ijk
l −Wijk
l = γkτij
l + γlτijk ,(2.38)
C˜ijk − Cijk = 2γ
p(Wpijk + τpijγk + τpikγj) +Qijγk +Qikγj .(2.39)
In particular, if τij
k = 0, then W˜ijk
l = Wijk
l, so Wijk
l is an invariant of the
contact projective structure.
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As is explained in Remark 4.1, the proof of Lemma 4.3 implies (2.36)-(2.39).
Lemma 2.6. In three dimensions Wijk
l = 0 identically.
Proof. Since τij
k = 0, (2.14) and (2.25) imply W[ijk]l = 0. The Weyl tensor has
the symmetries W[ij]kl = Wijkl , Wij(kl) = Wijkl , W[ijk]l = 0, and it is completely
trace free, so lies in an irreducible representation of Sp(n− 1,R), corresponding to
the Young diagram determined by the partition (3, 1), which, by the criterion of
Weyl, ([26], Section 6.3, p. 175), is non-trivial if and only if 2n− 1 > 3. 
Proposition 2.1, Lemma 2.6, and (2.39) show that Cijk is invariant when 2n−1 = 3.
Lemma 2.7. If the contact torsion vanishes,
∇pW
p
ijk +
1
2n−1 (∇pWijk
p −∇pWkij
p) = (2− n)Cijk ,(2.40)
so that if 2n− 1 ≥ 5, then Wijk
l = 0 implies Cijk = 0. In dimension 2n− 1 = 3,
Cijk is completely symmetric, C(ijk) = Cijk.
Proof. The first Bianchi identity implies ∇pW[ijk]l = 0. Contracting on p and i
gives ∇pWijk
p = 2∇pW
p
[ji]k. Using R0α = 0 = Rα0, (2.18), Rij = 2nPij , and
calculating ∇pWijk
p directly gives the first equality in
∇pWijk
p = 2(2n− 1)∇[jPi]k + 2ωk[i∇
pPj]p − 2ωij∇
pPkp = (2n− 1)C[ij]k.
(2.41)
Since τij
k = 0, the first Bianchi identity shows R0[ij]k = 0. By (2.18), skewing
(2.29) in ij gives the second equality in (2.41). By (2.25), (2.26), and (2.16),
(2.42) ∇pW
p
ijk − (2 − n)Cijk = 2∇[iPj]k − 2∇[kPi]j +
6
2n−1ωi(j∇
pPk)p
p.
Solving the first equality in (2.41) for 2∇[iPj]k gives
2∇[iPj]k − 2∇[kPi]j +
6
2n−1ωi(j∇
pPk)p =
1
2n−1 (∇pWkij
p −∇pWijk
p).
Substituting this into (2.42) gives (2.40). By (2.40), when 2n−1 ≥ 5 the vanishing of
Wijk
l implies the vanishing ofCijk . (2.29) shows that if τij
k = 0 then Ci(jk) = Cijk.
(2.41) shows that if Wijk
l = 0 then C[ij]k = 0. When 2n − 1 = 3, both τij
k and
Wijk
l vanish, so Cijk is completely symmetric. 
3. Ambient Connection
3.1. Thomas’s Ambient Construction for Projective Structures. In this
section the basic results concerning projective structures are reviewed, following
the approach of T. Y. Thomas, [23]. Some version of this material can be found in
various modern sources, for instance [1], [11], [12], or [14].
3.1.1. Projective Structures. The bundle of frames, F, in the canonical bundle,
∧n(T ∗M), of the smooth n-dimensional manifold, M , is the R× principal bun-
dle of smooth, non-vanishing sections of the canonical bundle. When n = 2l let the
R× principal bundle, L, be the unique 1
n+1 -root of F. When n = 2l − 1, assume
M is orientable with a fixed orientation, so that the group of F is reduced to R>0,
and let L be a choice of 1
n+1 -root of F. Denote by E [λ] the line bundle associated
to L by the representation, r · s = r−λs, of R× on R, so that E [−1] is a 1
n+1 -root
of Λn(T ∗M). Sections of E [λ] are in canonical bijection with functions L → R ho-
mogeneous of degree λ. The model for L is the defining bundle V× → P(V), where
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(V,Ψ) is an n+1 dimensional real vector space with volume form Ψ. This defining
bundle is the bundle of frames in the tautological line bundle over P(V).
Fix a choice of ρ : L→M . A tautological n-form, α, is defined on L, by
αs(X1, . . . , Xn) = s
n+1
ρ(s) (ρ∗(X1), . . . , ρ∗(Xn)) forX1, . . . , Xn ∈ TsL.
A canonical volume form, Ψ, is defined by Ψ = dα. A canonical Euler vector
field, X, the infinitesimal generator of the fiber dilations, δr, on L, is defined by
i(X)Ψ = (n + 1)α. The choice of section, s, induces, on the principal R×-bundle
ρ : L→M , a unique connection, φ, such that s is a parallel section and φ(X) = 1.
The connection, φ, determines a horizontal lift, Xˆ, of each vector field, X , on M .
Lemma 3.1 (Weyl, [25]). Two torsion-free affine connections have the same un-
parameterized geodesics if and only if there exists a one-form, γ, so that their
difference tensor has the form γ(iδj)
k.
Lemma 3.2 (Thomas, [23]). Suppose given a projective structure on M represented
by the equivalence class of torsion-free affine connections, [∇]. For each choice of
a volume form, µ, on M there exists a unique ∇ ∈ [∇] making µ parallel.
A torsion-free affine connection, ∇ˆ, on L, and a choice of section, s, determine onM
a torsion-free affine connection, ∇, defined by ∇XY = ρ∗(∇ˆXˆ Yˆ ). If the condition
∇ˆX = δ is imposed, Lemma 3.1 may be used to show that the connection, ∇˜,
determined by s˜ = fs has the same unparameterized geodesics as does ∇. This
associates a projective structure on M to each torsion-free affine connection, ∇ˆ, on
L, satisfying ∇ˆX = δ. It may be checked that if ∇ˆΨ = 0 then ∇ is the unique
representative of [∇] given by Lemma 3.2 and making µ = s∗(α) parallel. Two
torsion-free connections, ∇ˆ and ∇ˆ′, on L, satisying ∇ˆX = δ = ∇ˆ′X and making
parallel Ψ determine on M the same projective structure. The only freedom is in
the vertical part of ∇ˆ
Xˆ
Yˆ , and requiring that ∇ˆ be Ricci flat eliminates this freedom.
Theorem 3.1 (Thomas, [23]). Suppose fixed a choice of ρ : L → M . There is a
functor associating to each projective structure on M represented by the equivalence
class of torsion-free affine connections, [∇], a unique torsion-free affine connection,
∇ˆ, (the Thomas ambient connection) on L satisfying the following conditions.
1. ∇ˆX is the fundamental
(
1
1
)
-tensor on L.
2. ∇ˆΨ = 0.
3. The Ricci tensor of ∇ˆ vanishes.
4. For each section, s, of ρ : L→ M the connection, ∇, defined on M by ∇XY =
ρ∗(∇ˆXˆ Yˆ ), represents the given projective structure. Moreover, ∇ is the unique
representative, given by Lemma 3.2, making the volume form s∗(α) = sn+1 parallel.
The preceeding discussion shows already how to prove existence of ∇ˆ. Given s,
let ∇ ∈ [∇] be the unique representative of the given projective structure ∇ ∈ [∇]
making µ = s∗(α) parallel. For any symmetric tensor, Pij , conditions (1)-(3) of
Theorem 3.1 are satisfied by the connection, ∇ˆ, defined by requiring it to be torsion-
free and to satisfy
(3.1) ∇ˆV X = V, ∇ˆXˆ Yˆ = ∇̂XY + P (X,Y )X.
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Straightforward computation of the curvature of ∇ˆ shows that requiring ∇ˆ to be
Ricci-flat determines Pij uniquely as Pij =
1
n−1Rij , where Rij is the Ricci tensor
of ∇. Because the curvature tensor of ∇ˆ turns out to be horizontal, its components
may be regarded as tensors on M . The possibly non-vanishing components are the
projective Weyl tensor, Bijk
l = Rijk
l + Pjkδi
l − Pikδj
l, and the projective
Cotton tensor, 2∇[iPj]k. Bijk
l is independent of the choice of representative
of [∇], and the contracted second Bianchi identity for ∇ˆ shows that if n > 2 the
vanishing ofBijk
l implies the vanishing of∇[iPj]k and consequently of the curvature
of ∇ˆ. If n = 2, it turns out that Bijk
l vanishes automatically, and the vanishing of
∇[iPj]k, implies the ambient connection is flat.
Let G be the group of linear transformations of V preserving Ψ; let P ⊂ G
be the subgroup stabilizing the span of a fixed vector. Next there is sketched the
construction of a unique (g, P ) Cartan connection associated to each projective
structure equipped with a choice of L. The terminology and notation regarding
Cartan connections are the same as those in [6] or [18]. The tractor bundle, T ,
is the quotient of TL by an R× action, Pr = r
−1δ∗
r−1
, covering the principal action
on L and preserving the homogeneity −1 vector fields, Vec−1(L) on L. The homo-
geneity n+ 1 volume form, Ψ, descends to a fiberwise volume form on T , and the
ambient connection, ∇ˆ, induces a covariant differentiation, ∇, on T , the tractor
connection, defined as follows. If t is a section of T represented by Z ∈ Vec−1(L),
then ∇Xt is the image in T of ∇ˆXˆZ ∈ Vec−1(L). Because ∇ˆXZ = 0, this is in-
dependent of the choice of s. A P principal bundle, pi : G → M , is defined by
letting the fiber over x ∈ M comprise all volume preserving linear isomorphisms
u : V → Tx mapping the span of e∞ into the image of the span of X, and T is re-
covered as the associated bundle, G×P V. Theorem 2.7 of [3] shows that the tractor
connection determines on G a Cartan connection, η. Conversely, any torsion-free,
(g, P ) Cartan connection, η, on G → M , determines a tractor connection as the
induced covariant differentiation on the associated bundle T = G ×P V. Any η
determines a development of paths in M onto G/P = P(V), (see [17]), and η in-
duces on M the projective structure comprising those paths which develop onto
straight lines in P(V). Evidently gauge equivalent Cartan connections induce the
same projective structure. The quotient G/P˜ recovers L and the associated bun-
dle G ×P˜ V → L recovers TL; η induces a covariant differentiation, ∇
η, on this
associated bundle. Every torsion-free (g, P ) Cartan connection is gauge equivalent
to a unique η for which the induced ∇η on TL satisifes ∇ηX = δ. Each section
s : M → L determines from η an affine connection on M defined as in condition
4 of Theorem 3.1. If ∇ηX = δ, then the affine connections on M determined by
different choices of s will be projectively related, so determine a projective struc-
ture onM , the paths of which develop onto lines in P(V). Among the isomorphism
classes of Cartan connections inducing a given projective structure that one built
from the ambient connection is the unique isomorphism class of torsion-free, nor-
mal Cartan connections. An orientation-preserving diffeomorphism of M lifts to
a bundle automorphism of L which commutes with Pr and so descends to T , and
this shows that the orientation-preserving diffeomorphisms of M act naturally on
G and all of its associated bundles. This constructs a bijective functor between the
category of projective structures and category of torsion-free, normal (g, P ) Cartan
connections. In the odd-dimensional case, to obtain structure independent of the
choice of L, it is necessary to consider the projectivized tractor bundle, P(T ), and
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the associated bundle of filtered projective frames, G¯, the fiber over x ∈ M of G¯
comprising all projective linear isomorphisms u : P(V)→ P(Tx) mapping the span
of e∞ to P(T
1
x ). These bundles do not depend on the choice of L. Some fussing
shows that the Cartan connection, η, descends to give a Cartan connection on G¯
which does not depend on the choice of L.
3.2. Ambient Connection on the Symplectification. This section gives the
proof of Theorem B. On a co-oriented contact manifold, (M,H), a choice of a
square-root, L, of the bundle of positive contact one-forms, regarded as a R× prin-
cipal bundle over M , will be called an ambient manifold.
3.2.1. The Standard Contact Structure on Odd-dimensional Projective Space. Let
(V,Ω) be the standard representation of G as in Section 2.4. The quotient of
V× by the action on V of the dilations, δr(v) = rv, determines an R
×-principal
bundle, ρ : V× → P(V), so that the dilations act as vertical principal bundle
automorphisms. Let X denote the Euler vector field, the infinitesimal generator of
the fiber dilations. Let W⊥ denote the Ω-skew complement of a subspace W ⊂ V.
For L ∈ P(V) choose any non-zero v ∈ L and set HL = ρ∗(v)(L
⊥). Because any
other vector spanning L will have the form δr(v) for some non-zero r, HL does not
depend on the choice of v. As ker ρ∗(v) is exactly L, which is contained in L
⊥,
the subbundle H has constant rank 2n − 2. As G preserves skew complements,
the subbundle H is invariant under the action G on P(V). Define a one-form α
on V× by α = 12 i(X)Ω. A section s : P(V) → V
× determines a one-form, θ, by
θ = s∗(α) = s2, for which ker θ = H . Using θ = s∗(α) it is easy to verify that
θ ∧ (dθ)n−1 6= 0, so that θ is a contact one-form, and H is a contact distribution.
When the section, s, is replaced by s˜ = fs, f 6= 0, then θ rescales to f2θ. This
shows that the principal R×-bundle, ρ : V× → P(V), is naturally identified with a
square-root of the bundle of positive contact one-forms on P(V); the flat Euclidean
connection, ∇ˆ, on V× satisfies ∇ˆα = 12Ω and ∇ˆΩ = 0, and is the model for the
ambient connection.
3.2.2. Construction of the Ambient Connection. The map θ → θ∧dθn−1 determines
a reduction to R>0 of F, and by (2.1) this map identifies Cn with F as principal R>0
bundles, so that a square-root, L, of C may be regarded simultaneously as a 12n -root
of F. The well known construction of the tautological one-form on C generalizes
to L as follows. For p ∈ L view p2 as a one-form on M and define the horizontal
one-form, α, on L, by αp(X) = p
2
ρ(p)(ρ∗(p)(X)), for X ∈ TpL. Each (local) section
s : M → L determines on M a contact one-form θ = s∗(α) = s2, and a fiber
coordinate, t 6= 0, defined by p = ts(ρ(p)) for any p ∈ L. Set Ω = dα. By definition,
α = t2ρ∗(θ), Ω = t2(2d log t ∧ ρ∗(θ) + ρ∗(dθ)).(3.2)
Computing using (3.2) and dθn = 0 shows that
(3.3) Ωn = 2nt2nd log t ∧ ρ∗(θ ∧ dθn−1).
As dt is non-vanishing when restricted to the vertical subbundle of TL and θ ∧
(dθ)n−1 is a volume form on M , this shows that Ωn 6= 0, so that Ω is a symplectic
structure on L. The Euler vector field, X, is the infinitesimal generator of the
fiber dilations in L. (3.2) shows that in coordinates X = t ∂
∂t
. A tensor, S, on L
is homogeneous of degree k if LXS = kS. By non-degeneracy of Ω and definition
of α, LXα = i(X)dα = 2α, so α (and hence also Ω) is homogeneous of degree
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2. The choice of section, s, induces, on the R× principal bundle ρ : L → M , a
unique connection, φ, such that s is a parallel section and φ(X) = 1. Because the
structure group is abelian, φ is simply a one-form on the base manifold, M , given
in coordinates by d log t. The section s˜ determines the connection φ˜, related to φ by
φ˜ = φ− ρ∗(γ). The connection, φ, determines a horizontal lift, Xˆ, of a vector field,
X , on M ; this Xˆ is the unique φ-horizontal vector field on L such that ρ∗(Xˆ) = X .
By definition Xˆ is homogeneous of degree 0. The horizontal lift determined by the
connection associated to s˜ is given by Xˆ+γ(X)X. A co-oriented contactomorphism
of M is covered by a unique bundle automorphism of L, which is easily checked to
be a symplectomorphism.
In this section the following indexing conventions will be employed. For θ =
s∗(θ), let {θα} be a θ-adapted coframe with dual frame {Eα}. Define a frame,
{FI}, on the total space of L by setting F∞ = X and Fα = Eˆα, and let φ
I denote
the dual coframe. Thus φ∞ = φ, φα = ρ∗(θα), and α = t2φ0. On L, raise and
lower indices using Ω, according to the convention ΩIKΩKJ = −δI
J . Note that FI
and φI are homogeneous of degree 0. In general, an affine connection, ∇ˆ, on L, has
torsion, so there will be two distinct traces of its curvature tensor, RˆIJK
L, namely
RˆIJ = RˆIPJ
P and SˆIJ = RˆQ
Q
IJ . Contracting the first Bianchi identity shows
that when the torsion of ∇ˆ vanishes these two traces coincide up to a factor of −2.
Proof of Theorem B. Fix a section s : M → L, let θ = s∗(α), and let ∇ be the
connection associated to θ by Theorem A. Define ∇ˆ by specifying its action on
the frame, {FI}. For conditions 1 and 2 to hold, ∇ˆ must be defined to satisfy
∇ˆ
Eˆα
X = Eˆα = ∇ˆXEˆα, and ∇ˆXX = X. Then there can be written
∇ˆ
Eˆα
Eˆβ = ∇̂EαEβ +
̂O(Eα, Eβ) + P (Eα, Eβ)X,
where P is an arbitrary
(
0
2
)
-tensor on M and O is an arbitrary
(
1
2
)
-tensor on M .
The proof will show that P and O are defined as follows. Pij and Qij are defined
as in (2.23) and (2.24), and the remaining components are
Qα0 = 0 = Q0α,(3.4)
P0i =
2
2n−1∇
pPip +
1
2n−1∇
pQip,(3.5)
Pi0 =
2
2n−1∇
pPip −
1
2(n−1)(2n−1)∇
pQip −
1
n−1τi
pqPqp,(3.6)
P00 =
1
n−1∇
pP0p −
1
n−1 (2P
pq +Qpq)Pqp,(3.7)
Oαβ
γ = 2(δα
0Pβ
γ + δβ
0Pα
γ − δα
0δβ
0P0
γ) + δα
0Qβ
γ − 12δ0
γωαβ .(3.8)
where Pα
γ is defined by Pα
γ = Pα
qδq
γ , and similarly for Qα
γ .
So that uniqueness may be shown in passing, suppose now that P and O are
arbitrary. It will be shown that conditions 3-6 determine P and O uniquely as
defined above. Computing ∇ˆΩ using (3.2) shows that 3 holds if and only if Oα[jk] =
0, 2Pαi = Oα0i, and Oαβ
0 = − 12ωαβ , and these are satisfied by (3.8). Using
Lemma 2.2 it is easily verified that a connection on TL satisfying conditions 1 and
2 satisfies 6 if it satisfies 6 for a single choice of section s : M → L. Define a
connection, ∇¯, on M , by ∇¯XY = ρ∗(∇ˆXˆ Yˆ ). Then the difference tensor of ∇¯ and
∇ is O, and by Lemma 2.2 this implies O(ij)
0 = 0 and that there is γi such that
O(ij)k = 2γ(iωj)k. Tracing this and using Oi[jk] = 0 gives Opi
p = 2(2n − 1)γi.
Skewing ∇ˆΩ = 0 gives τˆ[IJK] = 0, and computing directly using 1 and 2 gives
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RˆIJ∞
K = τˆIJ
K . Imposing RˆI∞ = 0 gives 0 = RˆIQ∞
Q = τˆIQ
Q, and with τˆ[IJK] =
0, this implies τˆ is completely trace free. Using 2 gives 0 = τˆiQ
Q = τˆiq
q, which
implies 0 = τiq
q + 2O[iq]
q = 2O[iq]
q. Since Oiq
q = 0, this gives Oqi
q = 0, so that
γi = 0, and hence O(ij)k = 0. Now Oijk is skew in ij and symmetric in jk, and
so Oijk = 0. The only components of O not determined in terms of P are O0ij .
Define Qij = O0ij − 2Pij and Qα0 = 0 = Q0α, and note that O must satisfy (3.8).
Note also that 0 = O0[ij] implies 2P[ij] = −Q[ij]. The proof will be completed if
Pαβ and Qij can be determined uniquely by the remaining conditions.
Direct computation using conditions 1, 2, and 3 of Theorem B, Oij
k = 0, and
the definition of the curvature tensor gives
Rˆijk
l = Rijk
l + 2δ[i
lPj]k + 2ωk[jPi]
l + 2ωijPk
l + ωijQk
l =Wijk
l,(3.9)
Rˆ0ij
k = R0ij
k − P0jδi
k − ωijP0
k − 2∇iPj
k −∇iQj
k = Cij
k,(3.10)
Rˆijk
∞ = 2∇[iPj]k + τij
pPpk + ωk[jPi]0 + ωijP0k = Uijk,(3.11)
Rˆij0
∞ = 2∇[iPj]0 + τij
pPp0 + ωijP00 + 4PipPj
p = 2Vij ,(3.12)
Rˆ0ij
∞ = 2∇[0Pi]j −
1
2ωijP00 − 2PipPj
p − PipQj
p = Aij ,(3.13)
Rˆ0i0
∞ = 2∇[0Pi]0 + 4P0pPi
p = 2Bi.(3.14)
RˆIJ∞
K = τˆIJ
K .(3.15)
Here (3.9)-(3.14) define the tensors Wijk
l, Cijk, Aij , Bi, Uijk, and Vij . Once it has
been shown that Pαβ and Qij must be as in (2.23), (3.6)-(3.7), and (2.24), then
Wijk
l and Cijk can be checked to equal the tensors defined in (2.25) and (2.26).
∇ˆΩ = 0 implies RˆIJ(KL) = RˆIJKL. Using this and (3.15), all the components of
RˆIJKL not listed are derivable from those listed. For instance, Rˆij0
k = 2Uij
k and
Rˆ0i0
j = 2Ai
j .
Using 1 and 2 gives RˆI∞J
K = 0, and with τˆ[IJK] = 0, this gives RˆIJ = τˆ
∞
IJ +
RˆIqJ
q. Using conditions 1-2 it is easy to check that Rˆi∞ = 0 = Rˆ∞i and Rˆ∞0.
Direct computation shows that Rˆ0∞ = Qp
p − 2Pp
p = 2Qp
p, so that imposing
Rˆ0∞ = 0 forces Qp
p = 0, and hence also Pp
p = 0. Tracing (3.15) and using
condition 2 implies Rˆ∞∞ = 0, and using also RˆIJ(KL) = RˆIJKL gives Sˆ∞I = SˆI∞ =
0. Using (2.17) or RˆIJ(KL) = RˆIJKL shows that Sˆ[ij] = 0, so that requiring Rˆij = 0
and Sˆij = 0 gives the three linear equations Rˆ[ij] = 0, Rˆ(ij) = 0, and Sˆij = 0, in the
three unknowns P[ij], P(ij), and Q(ij), and so uniquely determine these unknowns,
provided the equations can be solved. Straightforward computations using (2.15)
and (3.9) show that the unique solutions of this system of equations are Pij and
Qij as defined in (2.23) and (2.24). Imposing Rˆi0 = 0 and computing using (3.10)
determines P0i uniquely as in (3.5). Imposing Rˆi0 = 0 and computing using (3.11)
and (3.5) determines Pi0 uniquely as in (3.6). Finally, imposing Rˆ00 = 0 and
computing using (3.13) determines P00 uniquely as in (3.7).
There remains to verify the claims regarding the situation of vanishing contact
torsion. Direct computation using O[ij]
γ = − 12δ0
γωij gives
τˆij
k = τij
k, τˆ0i
k = Qi
k, τˆαβ
∞ = 2P[αβ], τˆij
0 = 0, τˆi0
0 = 0,(3.16)
When the contact torsion vanishes, Pij =
1
2nRij is symmetric, and Qij = 0, and
so, by (3.16), if the contact torsion vanishes, the ambient connection, ∇ˆ, is torsion
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free. The other components of Sˆ are
Sˆi0 = 2Up
p
i = −4∇
pPpi + 2Pi0 + 4(n− 1)P0i,(3.17)
Sˆ00 = 4Vp
p = 4∇pP
p
0 + 4(n− 1)P00 + 8PpqP
pq.(3.18)
When the contact torsion vanishes, (3.6) and (3.5) imply P[i0] = 0 and using these
and (3.7) in (3.17) and (3.18) shows that Sˆi0 = 0 and Sˆ00 = 0. Alternatively,
applying conditions 1 and 2 shows that ∇ˆQτˆQIJ = ∇ˆ
q τˆqIJ . Using this, contracting
the first Bianchi identity, using τˆ[IJK] = 0 and that τˆ is trace free shows
2RˆIJ + SˆIJ = −2∇ˆ
q τˆqIJ − τˆ
pq
I τˆpqJ .(3.19)
and the vanishing of Sˆi0 and Sˆ00 then follows from the vanishing of τˆ and the Ricci
curvature of ∇ˆ. 
The following remarks are made for use in Section 4.4. (3.11), (3.17) and (3.18)
give immediately
Uip
p = P[i0], Ap
p = 12 Rˆ00 = 0, Vp
p = 14 Sˆ00.(3.20)
Using (2.20), (2.25), and (2.28) gives 2(1 − n)∇pQpi + ∇
pQip = τ
pqrRpqri =
τpqrWpqri − 2P
pqτipq . Using this, (3.5), and (3.6), Sˆi0 may be computed from
(3.17).
(1− n)Sˆi0 = 2(1− n)(∇
pQpi + 2P[i0]) = τ
pqr(Wpqri + 2ωriPpq).
The quantity τpqr(Wpqri+2ωriP[pq]) is independent of the choice of scale. This can
be verified by direct computation using (2.36) and (2.38). Alternatively, it follows
by computing Sˆ with respect to frames on L determined by different choices of scale
and using the vanishing of Sˆij , Sˆ∞I , and SˆI∞. Similarly, Sˆ00 = 8∇
pP[0p]−4P
pqQpq
follows from (3.18). If Sˆi0 vanishes then Sˆ00 is independent of the choice of scale.
Also note for later the following. Let ∇¯ be defined by 6. Using (3.2), condition
3, and (3.8) gives
∇¯γωij = 0, ∇¯αθβ =
1
2ωαβ, ∇ˆα =
1
2Ω.(3.21)
Remark 3.1. The formulas for the transformations of P and O under a change of
scale are derivable consequences of Theorem B, rather than necessary constituents
of its proof. It is possible also to prove Theorem B by defining ∇ˆ as above, simply
defining P and O by (2.23), (2.24), and (3.6)-(3.7). Verifying that the ∇ˆ so defined
does not depend on the choice of scale requires computing explicitly how P and O
transform under a change of scale. This is computationally intensive, requiring, for
instance, the verification of the following transformation rules.
f2P˜i0 − Pi0 = ∇iγ0 − 2γiγ0 + γ
p(2∇iγp + 4Pip),(3.22)
f2P˜0i − P0i = ∇0γi − 2γ0γi + γ
p(2∇iγp + 4Ppi +Qpi + 2τpiqγ
q),(3.23)
f4P˜00 − P00 = ∇0γ0 − γ
2
0 + γ
p(4∇0γp + 4γ
q∇pγq + 4P0p + 2Pp0)(3.24)
+ γp(12γqPpq + 2γ
qQpq).
Remark 3.2. An isotropic submanifold, N , of the contact projective manifold,
(M,H), is totally geodesic if every contact geodesic of M tangent to N at one
point lies on N . The contact geodesics of M lying on such an N determine on N a
path geometry. N is, in the usual sense, a totally geodesic submanifold of (M,∇),
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for any∇ representing the contact projective structure onM ; consequently it makes
sense to restrict to N such ∇, and, moreover, the contact geodesics of M lying on
N are the unparameterized geodesics of this restricted connection. If any other
connection representing the contact projective structure is restricted to N , the
geodesics of the restriction will be also the contact geodesics of M lying on N , and
so M induces on N a well-defined projective structure. Formally, this is evident
from (2.8). Because the restriction of ω to a path vanishes, (2.8) implies also that
every contact geodesic of a contact projective manifold acquires a flat projective
structure. Associating to the totally geodesic isotropic submanifold, N ⊂ (M,H),
the submanifold ρ−1(N) gives a bijection between totally geodesic isotropic sub-
manifolds of the contact projective manifold (M,H), and totally geodesic isotropic
submanifolds of (L, ∇ˆ) containing the vertical.
3.3. Canonical Subordinate Projective Structures. The contact lines of the
flat model contact projective structure are a subset of the family of all lines in
projective space, the latter family constituting the flat model projective structure.
Theorem 3.2 shows that something similar happens for any contact projective struc-
ture, namely there are canonically determined paths transverse to the contact struc-
ture and filling out, with the given 4n − 5 parameter family of contact geodesics,
a full projective structure. The contravariant part of the projective Weyl tensor of
the projective structure obtained in this way is a constant multiple of the contact
torsion.
Definition 3.1. A projective structure on (M,H) having among its geodesics a
full set of contact geodesics is said to be subordinate to the contact projective
structure determined by those contact geodesics.
There may be many projective structures subordinate to a contact projective struc-
ture.
Theorem 3.2. To each contact projective structure there is associated a canon-
ical subordinate projective structure the projective Weyl tensor of which satisfies
Bijk
0 = − 14τijk .
Proof. For each choice of s, the ambient connection determines on M a connection
defined by ∇¯XY = ρ∗(∇ˆXˆ Yˆ ). The difference tensor of the connection determined
in this way by s˜ = fs and ∇¯ is Λαβ
σ = γ(αδβ)
σ , where γ = d log f , and so
these connections determine on M a projective structure. It will next be shown
that the geodesics of this projective structure are the projections to M of the
unparameterized geodesics of ∇ˆ transverse to the vertical. For any X ∈ Γ(TM)
tangent to the image, ρ(L), of the unparameterized geodesic, L, of ∇ˆ, there is f
so that Z = Xˆ + fX is tangent to L. That L is a geodesic means that Z ∧ ∇ˆZZ
vanishes along L, and computing ρ∗(Z∧∇ˆZZ) shows that X∧∇¯XX vanishes along
ρ(L), so that ρ(L) is an unparameterized geodesic of ∇¯. By (3.21), ∇¯θ = 12ω, so
∇¯ admits a full set of contact geodesics, and it is evident that these are the images
in M of geodesics of ∇ˆ tangent to kerα. If ∇ is the connection associated to θ
by Theorem A, then the difference tensor of ∇¯ and ∇ is Oαβ
γ . Lemma 2.2 and
the explicit formula, (3.8), for Oαβ
γ show that ∇¯ has the same contact geodesics
as does ∇. This implies that the projective structure determined on M by ∇ˆ is
subordinate to the given contact projective structure.
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The condition Bijk
0 = − 14τijk is an invariant condition, as both sides rescale in
the same way under a change of scale. In order to compute Bijk
0 it is necessary
to work with a symmetric representative of the projective structure. Let ∇′ be the
symmetric part of ∇¯ and let R′αβγ
δ be its curvature tensor. The difference tensor
of ∇′ and ∇ is Λαβ
γ = O(αβ)
γ − 12ταβ
γ . Direct computation gives
∇′αθβ =
1
2ωαβ , ∇
′
αωij = 2δα
0P[ji] −
1
2τij
pωpα, ∇
′
αωi0 = 2Pαi +
1
2Qαi.(3.25)
Because ∇′ is torsion free the Ricci identity and (3.25) give
R′ijk
0 = −2∇′[i∇
′
j]θk = −∇
′
[iωj]k =
1
2∇
′
jωki = −
1
4τijk.
By definition, Bαβγ
σ = R′αβγ
σ + δ[α
σP ′β]γ − 2P
′
[αβ]δγ
σ, where R′αβ is the Ricci
curvature of ∇′ and P ′αβ =
1
2(n−1) (R
′
αβ −
1
n
R′[αβ]), and so Bijk
0 = R′ijk
0 = − 14τijk.

When the contact torsion vanishes the canonical subordinate projective structure
is linked to the given contact projective structure in a stronger way; the Thomas
ambient connection and the contact projective ambient connection are the same.
By (2.1), a square-root, L, of the bundle of positive contact one-forms is canonically
regarded as a 12n th-root of F. Under this identification the top exterior power, Ω
n,
of the ambient symplectic structure on L is naturally identified with the canonical
ambient volume form. If the contact torsion vanishes, then the ambient connection
∇ˆ is torsion free and parallelizes the volume form, Ωn. By Theorem B, ∇ˆ satisfies
all the conditions of Theorem 3.1. The volume form determined on M by the
choice of section, s, is identified with θ ∧ dθn−1, where θ is the contact one-form
determined by s. The proof of Theorem 3.1 shows that ∇ˆ determines on M a
projective structure for which the connection ∇¯ is the unique torsion-free affine
connection representing the projective structure and parallelizing θ ∧ dθn−1.
On a contact manifold (M,H), a projective structure is called contact adapted,
if among the unparameterized geodesics of the projective structure there is a full
set of contact geodesics, and if the projective Weyl tensor satisfies Bαβγ
0 = 0.
Corollary 3.1. To each contact projective structure with vanishing contact torsion
there is associated a canonical subordinate contact adapted projective structure, and
every contact adapted projective structure arises in this way.
Proof. In this case ∇′ = ∇¯ and (3.25) shows ∇¯γωαβ = 4Pγ[αδβ]
0 and computing
as above shows that the curvature satisfies −R¯αβγ
0 = 2δ[α
0Pβ]γ + 2δγ
0P[αβ]. The
identification of the projective and contact projective ambient connections shows
that the same tensor Pαβ is determined by either ∇¯ or ∇, and from this there
follows Bαβγ
0 = 0. Moreover, given a contact adapted projective structure it is
easy to see that it must be the canonical projective structure subordinate to the
contact projective structure that it determines. 
In [13] it was observed that the ambient connection associated by Theorem 3.1
to a contact adapted projective structure makes parallel the canonical symplectic
structure determined on the ambient space by the contact structure on the base. As
was remarked in the introduction, even in the case of vanishing contact torsion the
results here are stronger than those of [13] because the existence of a full projective
structure is derived rather than assumed as a hypothesis.
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Remark 3.3. Theorem 3.2 could be proved directly without using the ambient
connection. Let ∇ be the connection associated to θ by Theorem A. Define ∇′ by
letting its difference tensor with ∇ be O(αβ)
γ− 12ταβ
γ , (so ∇′ is the symmetric part
of ∇¯), and observe that the torsion free connection, ∇′, admits the given full set of
contact geodesics. Direct computation using (2.8)-(2.10), (2.36), (2.37), and (3.23)
shows that the connections associated by this construction to different choices of
scale have the same unparameterized geodesics, so determine a projective structure
subordinate to the given contact projective structure. It is straightforward to check
directly that when the contact torsion vanishes, ∇¯ = ∇′ is the unique representative
of this projective structure making parallel the volume θ ∧ dθn−1.
Remark 3.4. A Cartan connection gives a notion of development of paths. Once
there is in hand the canonical Cartan connection of Theorem C this can be used to
recover the existence of the canonical subordinate projective structure of Theorem
3.2, as will be explained in Section 4.3.
3.3.1. Obstruction to Flatness for a Contact Projective Structure.
Theorem 3.3. If the contact torsion vanishes the components of the curvature of
the ambient connection are all expressible in terms of Pij, Cijk , Wijkl, and their
covariant derivatives, as follows.
Aij =
1
2(1−n) (∇pCij
p + 2WpijqP
pq) ,(3.26)
Uijk = −C[ij]k =
1
1−2n∇pWijk
p,(3.27)
Bi =
1
2(n−1) (∇p∇qC
qp
i − 2CipqP
pq) ,(3.28)
Vij = −A[ij] =
1
2(n−1)
(
∇pC[ij]
p −WijpqP
pq
)
.(3.29)
A contact projective structure of dimension at least 5 is flat if and only if the contact
torsion and the contact projective Weyl tensor vanish, and a three-dimensional
contact projective structure is flat if and only if the contact projective Cotton tensor
vanishes.
Theorem 3.3 follows also by applying, to the Cartan connection of Theorem C,
Proposition 4.1 and Theorem 2.9 of [22] on the vanishing of harmonic curvature
components.
Proof. Because τij
k = 0, the first Bianchi identity for ∇ˆ gives Rˆij0P = −2Rˆ0[ij]P ,
which implies Uijk = −C[ij]k and the truth of (3.26) coupled with (3.12) implies
that A[ij] = −Vij . Alternatively, A[ij] = −Vij follows from (3.13) and (3.12) using
(3.5), (3.6), and (3.7), and (2n − 1)C[ij]k = ∇pWijk
p follows from (2.41). There
remains to prove (3.26) and (3.28). By (2.25) and the Ricci identity,
(3.30) Wpij
qPq
p = 2∇[i∇p]Pj
p − 2(n− 1)PipPj
p − ωijPp
qPq
p −∇0Pij .
Expanding the definition, (3.13), of Aij , using (3.5)-(3.7), and computing 2(n −
1)Aij + ∇pCij
p using (2.26) gives twice the right hand side of (3.30), proving
(3.26). To prove (3.28) proceed as follows. Tracing the Ricci identity applied to
∇[p∇q]Pij in p and q and using (2.15) gives ∇p∇
pPij = (1 − n)∇0Pij , which with
(2.26), (2.21), and (2.22), gives
(3.31) − 12∇pC
p
ij = ∇0Pij +
1
2n−1 (∇i∇pPj
p +∇j∇pPi
p).
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Applying the Ricci identity gives
(3.32) 2∇[q∇k]∇pPi
p = −ωqk∇0∇pPi
p −Rqki
s∇pPs
p.
Tracing (3.32) on q and k and subsituting into the traced covariant derivative of
(3.31) gives
(3.33)
− 12∇q∇pC
pq
i = ∇p∇0Pi
p+ 12n−1 (∇q∇i∇pP
qp+(1−n)∇0∇pPi
p− 2nPiq∇pP
pq).
The Ricci identity gives ∇p∇0Pi
p = ∇0∇pPi
p + R0pi
qPq
p. Using this in (3.33);
using (2.26) to rewrite R0ijk in terms of Cijk ; and substituting into the result the
trace of (3.32) in q and i gives
∇q∇pC
pq
i − 2CpqiP
pq =
(3.34)
4P pq∇pPiq +
1
2n−1 (2(1− n)∇0∇pPi
p + 4(n+ 2)Piq∇pP
pq − 2∇i∇p∇qP
pq).
Expanding (3.14) using (3.5)-(3.7) and substituting into (3.34) shows
(3.35) 2(1− n)Bi +∇q∇pC
pq
i = 2CpqiP
pq + 8P pq∇[iPp]q −
12
2n−1Pip∇qP
pq.
The proof of (2.41) shows that the right hand side of (3.35) is expressible in terms
of P pq∇sWipq
s = (2n− 1)P pqC[ip]q, and this gives (3.28).
If the ambient connection is flat the proof of Theorem 3.2 shows that it is the
Thomas ambient connection of a flat subordinate projective structure, and that the
Thomas ambient connection parallelizes a symplectic form. From this there follows
that (L,Ω, ∇ˆ) is locally equivalent to (V, Ω¯) with the flat Euclidean connection,
and by functoriality of the ambient construction this shows that the given contact
projective structure is flat, so that the vanishing of the curvature of the ambient
connection implies the contact projective structure is flat. The preceeding shows
that the vanishing of τij
k and Wijk
l (or of Cijk in three dimensions) implies the
ambient connection is flat. 
The existence of non-flat contact projective structures with vanishing contact
torsion may be demonstrated using the set-up of Section 2.5. By Theorem 2.2 and
the accompanying discussion, the difference tensor, Λ, of the flat contact projective
structure, [∇¯], described in Section 2.4, and the most general contact torsion-free
contact projective structure, [∇], is an arbitrary section of A. The curvature of the
representative∇ ∈ [∇] associated to θ by Theorem A may be computed explicitly in
terms of Λ. Using the basic facts about irreducible representations of the symplectic
group found in [26] or [10], the following facts may be proved. Given a fixed point,
p, on a contact manifold of dimension at least 5, and an arbitrary trace-free tensor
aijkl such that a[ijk]l = 0, a[ij]kl = aijkl = aij(kl) , there exists a contact projective
structure with vanishing contact torsion such that the value of Wijkl at the point
p equals aijkl . Given a fixed point, p, on a three-dimensional contact manifold,
and an arbitrary tensor such that a(ijk) = aijk, there exists a contact projective
structure such that the value of Cijk at the point p equals aijk . Finally there
may be constructed a contact projective structure for which the component, Sˆi0,
of the traced curvature of the ambient connection does not vanish at a point. The
proof uses Weyl’s First Main Theorem for the invariants of the symplectic group,
(Theorem 6.1.A, p. 167, [26]), the complete reducibility of representations of the
symplectic group, and the Littlewood-Richardson rules for the symplectic group.
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4. Canonical Cartan Connection
The canonical Cartan connection of Theorem C is constructed from the ambient
connection by using the tractor formalism developed by Cˇap-Gover in [3] and fol-
lowing the pattern of the conformal case treated in [2]. This approach was suggested
to the author by Rod Gover. Section 4.4 describes the algebraic normalizations on
the curvature of the Cartan connection of Theorem C.
4.1. Definition of Tractor Connection and Canonical Cartan Connection.
Choose a square-root, L, on the co-oriented contact manifold, (M,H). Let δr :
L → L denote the principal R×-action of r. Denote by E [k] the real line bundle
associated to L by the representation of R× on R given by s · t = s−kt. Sections
h ∈ Γ(E [k]) are in canonical bijection with functions h˜ : L → R of homogeneity
k, in the sense that h˜(δr(p)) = r
kh˜(p). It will be convenient to write E
j1...jq
i1...ip
[k] =
E [k]⊗(⊗q(H))⊗(⊗p(H∗)). The Jacobi identity shows that the Lie algebra, Vec(L),
of vector fields on L is graded as a Lie algebra by the homogeneity degree, Vec(L) =
⊕k∈ZVeck(L). More generally, if S is a tensor of homogeneity l and X ∈ Veck(L),
then LXS has homogeneity k + l. If X ∈ Veck(L) and Y ∈ Vecl(L), expanding
2∇ˆα(X,Y ) = Ω(X,Y ) shows that ∇ˆXY ∈ Veck+l(L).
Let (V, Ω¯) be the standard representation of G, as in Section 2.4, and choose
coordinates so that Ω¯ satisfies (2.12). Call a frame, {FI}, on L, symplectic, if
Ω(FI , FJ ) = Ω¯IJ . Call a symplectic frame adapted if F∞ = X. Because Ω is
homogeneous of degree 2, and X ∈ Vec0(L), it must be that F0 ∈ Vec−2(L) and
all the Fi ∈ Vec−1(L). By definition, 2α(F0) = 1. An adapted symplectic frame
is easily constructed as follows. For θ = s∗(α), choose on M a θ-adapted coframe
and dual frame such that ω = 12 Ω¯ijθ
i ∧ θj , and set F∞ = X, Fi = t
−1Eˆi, and
F0 =
1
2 t
−2Tˆ . TL is canonically filtered by the vertical subbundle, T 2L, and its
Ω-skew complement, T 1L = kerα.
The tractor bundle, T , is the rank 2n quotient of TL by anR× action, Pr, on TL
covering δr and leaving invariant Vec−1(L), and defined by Pr(Z) = r
−1δr−1
∗(Z).
By construction, the space of sections, Γ(T ), is identified with Vec−1(L). Because Ω
has homogeneity 2, it descends to T as a fiberwise symplectic form, also denoted Ω.
The Pr-invariant filtration T
2
L ⊂ T 1L ⊂ TL descends to a filtration T 2 ⊂ T 1 ⊂ T .
Lemma 4.1. There is a canonical isomorphism of graded vector bundles
(4.1) GrT = T 2 ⊕ T 1/T 2 ⊕ T /T 1 ≃ E [−1]⊕ E i[−1]⊕ E [1].
Proof. Sections of T 2 are in bijection with vector fields on L having the form h˜X,
where h ∈ Γ(E [−1]). This shows E [−1] ≃ T 2. If Z ∈ Vec−1, then the homogeneity
1 function, Ω(X, Z), corresponds to a section of E [1], and it vanishes if and only if
Z corresponds to a section of T 1. This shows T /T 1 ≃ E [1]. For X ∈ Γ(TM) and
h ∈ Γ(E [−1]), h˜Xˆ ∈ Vec−1(L) so corresponds to a section of T . The image in T /T
2
of the section of T so determined does not depend on the choice of horizontal lift,
Xˆ, as any two horizontal lifts of X differ by a vector field of the form gX, where
g has homogeneity 0, and as gh˜X corresponds to a section of T 2. The section of
T /T 2 determined by X and h lies in T 1/T 2 if and only if X is a section of H , and
this shows H ⊗ E [−1] ≃ T 1/T 2. 
The bundle of filtered symplectic frames in T is the principal P -bundle,
pi : G →M , the fiber over x of which comprises all filtration preserving symplectic
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linear isomorphisms u : (V, Ω¯) → (Tx,Ωx). The fibers of the vertical subbundle
V G ⊂ TG are linearly isomorphic to p, so V G carries a filtration induced by that
of p; namely for i = 0, 1, 2, V iuG ≃ fi. The tangent bundle TG carries a canonical
filtration modeled on the filtration, fi, of g and uniquely determined by the re-
quirements that the projection onto TM induced by pi∗ is a filtered surjection and
that inclusion of V G is a filtered injection. By construction the quotient TG/T−1G
has the orientation induced via pi∗ from the chosen orientation on TM/H . The
projective tractor bundle, P(T )→M , does not depend on the choice of L, so is
intrinsically associated to the co-oriented contact structure on M . The fiber P(Tx)
is a copy of P(V) osculating M at x, and the point of contact is the distinguished
point, P(T 2x ). A principal P¯ bundle, G¯ →M , the bundle of filtered projective
symplectic frames, is defined by letting the fiber over x ∈ M comprise all pro-
jective symplectic linear isomorphisms u : P(V) → P(Tx) mapping P(V
i) to P(T ix )
for i = 1, 2. Explicit computation shows that the differential of the lift to L of an
element of CO+(M) commutes with Pr, and so descends to a vector bundle auto-
morphism of T . The induced fiber bundle automorphism on P(T ) does not depend
on the choice of square-root L, so that CO+(M) acts naturally on T and P(T ) and
consequently also on G and G¯ and their associated bundles.
Any representation ν : P → GL(E) determines an associated bundle, E = G×ν(P )
E, and sections, t, of E are in canonical bijection with P -equivariant functions,
t˜ : G → E. The projection defined by mapping (u, v) ∈ G × V to u(v) ∈ Tpi(u),
where u ∈ G is viewed as an isomorphism u : V → Tpi(u), descends to give an
isomorphism of filtered vector bundles between the associated bundle, G ×P V, and
T . The equivariant function corresponding to the section, t, of T , is defined by
t˜ : u → u−1(t(pi(u))). The symplectic form on T is recovered by Ωpi(u)(s, t) =
Ω¯(s˜(u), t˜(u)). Because P˜ acts trivially on V2, the bundle of frames in T 2 may be
identified with the P/P˜ = R× principal bundle G/P˜ → M . By Lemma 4.1, the
subbundle T 2 is canonically identified with E [−1], and the bundle of frames of E [−1]
is by definition L. This recovers L from G as the quotient G/P˜ . G is a principal
P˜ -bundle over L, and it could have been realized directly as a reduction of the
frame bundle of TL, the fiber over p ∈ L of which comprises all linear symplectic
isomorphisms u : V → TpL such that u(v∞) = Xp. A useful by-product of this
observation is the identification of TL and the associated bundle G ×P˜ V as filtered
vector bundles. Because P˜ acts trivially on V2, the constant function v∞ on G is
P˜ -equivariant, and it is the P˜ -equivariant function corresponding to X ∈ Γ(TL).
Given X ∈ Γ(TM) and t ∈ Γ(T ) represented by Z ∈ Vec−1(L), define∇Xt to be
the section of T represented by ∇ˆ
Xˆ
Z ∈ Vec−1(L). The connection∇ defined on T is
independent of the choice of s as any two horizontal lifts of X differ by a vector field
of the form fX, where f has homogeneity 0, and ∇ˆXZ = 0 for any Z ∈ Vec−1(L). It
is easily checked that the connection,∇, on T parallelizes Ω. The connection,∇, is
non-degenerate in the sense that for any section, t, of T 2 there exists a vector field,
X , on M such that ∇Xt /∈ T
2. In the terminology of [3], T is a standard tractor
bundle, G is an adapted frame bundle, and the connection, ∇, on T is a tractor
connection. Theorem 2.7 of [3] shows that a tractor connection, ∇, determines on
pi : G →M a Cartan connection, η. The construction of η is recalled here, though
[3] should be consulted for the verifications. For each u ∈ G, X ∈ Γ(TG), and
t ∈ Γ(T ), the linearity of the map V→ V defined by t˜(u)→ (∇˜pi∗(X)t)(u)−LX t˜(u)
follows from the Leibniz rules for LX and ∇pi∗(X). It is easily checked that this
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linear map preserves Ω¯, so lies in g. Because g is simple, it acts effectively on V, so
η(X) is defined uniquely by
η(X) · t˜ = ∇˜pi∗(X)t− LX t˜, X ∈ Γ(TG), t ∈ Γ(T ).(4.2)
Note that the right hand side of (4.2) is a P -equivariant function if and only if X
is invariant under the action of P . That η is a Cartan connection is the content of
Theorem 2.7 of [3]. The non-degeneracy of the tractor connection is the key point
in showing that η induces a linear isomorphism TuG ≃ g. The other properties of
a Cartan connection follow from careful unraveling of the definition of η.
Let E be any P -module for which the induced action of p extends to an action
of g. The Cartan connection, η, induces on the associated bundle, E = G ×P E, a
covariant differentiation defined by
∇˜ηXt = LX¯ t˜+ η(X¯) · t˜, X ∈ Γ(TM), t ∈ Γ(E),(4.3)
where X¯ is any horizontal lift ofX to a vector field on G. Because t˜ is P -equivariant,
LV t˜ + η(V ) · t˜ = 0 for any vertical vector field, V , on G, and this shows that X¯
may be chosen to be invariant under the action of P , in which case the right hand
side of (4.3) is P -equivariant, and this shows that (4.3) is well-defined. When
E = V, the induced covariant differentiation, ∇η, is the tractor connection ∇. It
may be checked that η is a (g, P˜ ) Cartan connection on the P˜ principal bundle
G → L. In this case, the induced covariant differentiation on the associated bundle
TL ≃ G ×P˜ V is the ambient connection, ∇ˆ.
The curvature of ∇η is defined by Rη(X,Y )(t) = [∇ηX ,∇
η
Y ]t − ∇
η
[X,Y ]t. Recall
that the curvature of η is defined by K = dη+ η ∧ η. It is straightforward to check
(as in Proposition 2.9 of [3]) that the curvature of ∇η acts via the curvature of η,
(4.4) Rη(X,Y )(t) = κ(η(X¯), η(Y¯ )) · t = K(X¯, Y¯ ) · t.
Define the curvature function, κ ∈ C∞(G,
∧2
(g/p)∗ ⊗ g), of η by
(4.5) κ(u)(h1, h2) = Ku(η
−1(h1), η
−1(h2)) = [h1, h2]− ηu([η
−1(h1), η
−1(h2)]).
The Z-grading of g induces a Z-grading of Λ2(g∗−) ⊗ g by homogeneity degree. If
σ ∈ Λ2(g∗−)⊗g, then σ
(i) maps gj×gk into gj+k+i. A Cartan connection is regular
if κ(i) = 0 for i ≤ 0.
4.2. Explicit Description of Tractor Connection. In this section, η is the
Cartan connection constructed from the ambient connection. The tractor connec-
tion is described explicitly for use in the algebraic characterization of the curvature
normalizations imposed on η.
Via the horizontal lift, the choice of s determines a Pr-invariant splitting TL =
T 2L⊕ Hˆ ⊕ span{Tˆ}. As Vec−1(L) is naturally identified with Γ(T ), this splitting
induces an isomorphism (depending on s), T ≃ E [−1] ⊕ E i[−1] ⊕ E [−1] = EA. If
zA ∈ Γ(EA), the corresponding Z ∈ Vec−1(L) has the form
(4.6) Z = z˜∞X+ z˜iEˆi +
1
2 z˜
0Tˆ ,
where the z˜P are the corresponding homogeneity −1 functions on L. Though it
would be natural to work with the isomorphism T ≃ E [−1]⊕E i[−1]⊕E [1] induced
by s and (4.1), to do so would require systematic utilization of weighted tensors,
e.g. the canonical symplectic pairing on E i[−1] induced by the Levi form H×H →
TM/H ≃ E [2]. Because of the way the ambient connection was described it is more
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convenient to work with the isomorphism T ≃ EA induced directly by the splitting.
Γ(T ∗) is identified with the space of one-forms on L homogeneous of degree 1. The
splitting of TL given by s induces a dual isomorphism T ∗ ≃ E [1]⊕Ei[1]⊕E [1] = EA.
Raise and lower indices using the symplectic form, Ω, on T , and let EA be the vector
bundle dual to EA. If zA =
(
z∞ zj z0
)
is a section of EA, the corresponding
homogeneity 1 one-form, β, on L may be written as
(4.7) β = z˜∞d log t+ z˜iρ
∗(θi) + 2z˜0ρ
∗(θ).
The connection, ∇, associated to θ = s∗(α) by Theorem A induces on E [k] and
E i[k] connections which will also be denoted by ∇. By definition of the horizontal
lift, ∇˜αh = dh˜(Eˆα). Direct computation of ∇ˆEˆiZ and ∇ˆTˆZ using (4.6) yields
(4.8) ∇α

z
∞
zp
z0

 =

∇αz
∞
∇αz
p
∇αz
0

+

 0 Pαq
1
2Pα0
δα
p δα
0(2Pq
p +Qq
p) Pα
p
2δα
0 −ωαq 0



z
∞
zq
z0

 .
The curvature of ∇ is two-form on M taking values in the endomorphism bundle
of T . It is computed by [∇α,∇β ]z
A+ ταβ
σ
∇σz
A = RαβB
AzB, where ταβ
σ is the
torsion of ∇. For h ∈ E [k] and zp ∈ E i[k] the Ricci identity gives
2∇[α∇β]h+ ταβ
σ∇σh = 0, 2∇[α∇β]z
p + ταβ
σ∇σz
p = Rαβq
pzq.(4.9)
Direct computation using (4.8), (4.9), (3.20), and (2.30) gives
RijB
A =

−Q[ij] Uijq Vijτij p Wijq p Uij p
0 −τijq Q[ij]

 , R0iB A =

2Usi
s Aiq Bi
Qi
p Ciq
p Ai
p
0 −Qiq −2Usi
s

 ,
(4.10)
where the tensors U , V , A, and B are defined in (3.11)-(3.14), and it should be
recalled that Qij = −2Wipj
p. If the contact torsion vanishes, these simplify to
RijB
A =

0 −C[ij]q −A[ij]0 Wijq p −C[ij] p
0 0 0

 , R0iB A =

0 Aiq Bi0 Ciq p Ai p
0 0 0

 .
Example 4.1 (Contact Hessian). For h ∈ Γ(E [k]), the exterior derivative dh˜ is a
one-form on L, homogeneous of degree k, so may be regarded as a section of T ∗.
Using (4.7), the components of dh˜, viewed as a section of EA, may be written as
(4.11) DAh =
(
kh ∇jh
1
2∇0h
)
.
Taking h ∈ E [1] and applying the tractor connection to (4.11) gives
∇iDAh =
(
0 Lijh
1
2∇i∇0h− Pi
p∇ph−
1
2Pi0h
)
,(4.12)
∇0DAh =
(
0 ∇0∇jh+ (2Ppj +Qpj)∇
ph− P0jh
1
2∇0∇0h+ P0p∇
ph− 12P00h
)
.
(4.12) shows that the operator, L : Γ(E [1])→ Γ(Eij [1]), defined by
(4.13) Lijh = ∇i∇jh+
1
2ωij∇0h− Pijh,
is an invariant differential operator. That is, L˜ijh = Lijh. Alternatively, the
invariance Lijh follows from the transformation rules for the covariant derivatives
of a −λ/2n-density, h ∈ Γ(E [λ]),
∇˜ih−∇ih = λγih, f
2∇˜0h−∇0h = λγ0h+ 2γ
p∇ph.
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Because the connection induced by ∇ on the canonical bundle is flat, the Ricci
identity implies 2∇[i∇j]h+ τij
α∇αh = 0. Tracing this gives ∇p∇
ph = (1−n)∇0h,
so that the trace free part of ∇i∇jh− Pijh is Lijh. The skew part of Lijh, L[ij]h
is first order and vanishes when the contact torsion vanishes, so it makes sense to
focus attention on the contact Hessian, L(ij)h = ∇(i∇j)h− P(ij)h.
The projection TL→ T induces a projection ⊗∗(TL)→ ⊗∗(T ) on the full tensor
bundles. Denote by hB1...BlA1...Ak a section of ⊗
∗(T ). The tractor operator DIh
B1...Bl
A1...Ak
is defined by lifting the section hB1...BlA1...Ak to an appropriately weighted tensor on L
to which the ambient connection is applied. The resulting tensor is projected down
to give a section of ⊗∗(T ). This allows the iteration of the tractor D operator.
4.3. Contact Projective Structures Induced by Cartan Connections. Let
(M,H) be a co-oriented contact manifold and p¯i : G¯ → M the corresponding P¯
principal bundle of filtered projective symplectic frames. The purpose of this sec-
tion is to explain how a Cartan connection, η, on G¯, satisfying an appropriate
compatibility condition induces on M a contact projective structure. Each choice
of a square-root, ρ : L → M , determines a P principal bundle pi : G → M and a
double covering Φ : G → G¯. The quotient G/P˜ recovers L, and p˜i : G → L is the
induced P˜ principal bundle. A Cartan connection, η, on p¯i : G¯ →M pulls back via
Φ to a Cartan connection, also denoted η, on pi : G → M , and will also be viewed
as a Cartan connection on p˜i : G → L. The group of principal bundle automor-
phisms of G acts on the Cartan connections on G by pullback. A principal bundle
automorphism covering the identity on M will be called a change of gauge. A
change of gauge ψ : G → G has the form ψ(u) = u · p˜(u) where p˜ : G → P is the
P -equivariant function corresponding to a section, p, of the bundle G ×Ad(P ) P .
The pullback Cartan connection has the form ψ∗(η) = Ad(p˜−1)(η)+ p˜∗(ωP ), where
ωP is the Maurer-Cartan form of P . The only case in which ψ
∗(η) = η is when
p˜ is a constant function and Ad(p˜) acts trivially on g. A choice of L determines a
unique lift of a bundle automorphism of G¯ to a bundle automorphism of G.
Call an η, on p¯i : G¯ →M , compatible with the co-oriented contact structure on
M if η is regular; if the isomorphisms, η : TuG¯ → g, are filtration-preserving; and
if the induced isomorphisms, TuG¯/T
−1
u G¯ ≃ g/f−1, are orientation-preserving. It is
evident that compatibility is a gauge invariant condition. Compatibility implies
p¯i∗(η
−1(f−1)) = H and that the image of p¯i∗(η
−1(e0)) is consistent with the given
orientation on TM/H , and so, with regularity, that η induces the given co-oriented
contact distribution and its conformal symplectic structure. A (g, P ) Cartan con-
nection η on pi : G → M will be called compatible if it is induced by a compatible
(g, P¯ ) Cartan connection on p¯i : G¯ →M . Henceforth assume all η are compatible.
Viewing η as a Cartan connection on the P˜ principal bundle, p˜i : G → L, denote
by ∇η the affine connection induced on TL = G ×P˜ V by (4.3). Call contact
non-slip a compatible Cartan connection for which ∇ηXX − X ∈ Γ(T
2
L) for all
X ∈ Γ(T 1L). Using the definition of ∇η it may be checked that η is contact non-
slip if and only if (∇ηXα)(Y ) =
1
2Ω(X,Y ) for all X,Y ∈ Γ(T
1
L). Likewise ∇ηX = δ
if and only if ∇ηα = 12Ω. If η is the Cartan connection defined from the ambient
connection, ∇ˆ, by (4.2), then ∇ηX = δ is condition 1 of Theorem B. Lemma 4.2
shows that this condition should be interpreted as fixing a gauge.
Lemma 4.2. A given compatible (g, P ) Cartan connection on pi : G → M is
equivalent by a G0-valued change of gauge to a contact non-slip Cartan connection.
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Two gauge equivalent contact non-slip (g, P ) Cartan connections are related by a
P+-valued change of gauge. Moreover, a given contact non-slip Cartan connection
is equivalent by a unique P+-valued change of gauge to a Cartan connection for
which ∇ηX = δ; consequently, every compatible (g, P ) Cartan connection on pi :
G →M is gauge equivalent to a unique Cartan connection for which ∇ηX = δ.
Proof. For a compatible η let σ : U ⊂ L→ G be a local section and set φ = σ∗(η).
Under a change of gauge, ψ : G → G, as above, φ is replaced by Ad(b−1)(φ)+b∗(ωP ),
where b = p˜ ◦ σ : U → P . Write φ(X) = XQφQ with respect to an adapted
symplectic frame, {FI}, on L, and represent φQ ∈ g by a matrix,
φQ =

AQ
∞ ∗ ∗
AQ
p ∗ ∗
AQ
0 −AQq −AQ
∞

 .
Because e∞ ∈ p, η(X
e∞) = e∞, and because p˜i∗(X
e∞) = X, σ∗(X)−X
e∞ ∈ η−1(p˜),
so φ(X) · v∞ = e∞ · v∞ = v∞. This shows A∞
∞ = 1, A∞
p = 0, and A∞
0 = 0.
From the compatibility of η there follows φ(X) ∈ f−1 if and only if X ∈ T
1
L, and
this implies Ai
0 = 0. Regularity, Ai
0 = 0, and A∞
0 = 0, imply that Ai
pAj
qωpq =
Ω¯(φ(Fi) · v∞, φ(Fj) · v∞) =
1
2 Ω¯([φ(Fi), φ(Fj)] · v∞, v∞) = −α¯(φ([Fi, Fj ]) · v∞) =
A0
0ωij . Compatibility implies A0
0 = c2 > 0. Let Bq
p be the unique symplectic
matrix such that cBs
jAi
s = δi
j . The change of gauge given by b : L → G0
defined by b−1 = exp(c−1v∞ ⊗ v
∞ + Bp
qvq ⊗ v
p + cv0 ⊗ v
0) produces a contact
non-slip connection. As the image in P/P˜ of b is non-trivial, the contribution of
b∗(ωP ) under this change of gauge is non-trivial, effecting the components AI
∞.
Because the adjoint action of P on P/P˜ is trivial, b∗(ωP )(X) ∈ p˜, and the identity
A∞
∞ = 1 persists. Thus every compatible Cartan connection is gauge equivalent
to a contact non-slip Cartan connection. Now suppose given a contact non-slip
Cartan connection and set γp = A0
p and γ0 = A0
∞ − γsA0
s. For b : U → P+
defined by b = exp(γpv∞ ⊗ v
p + γpvp ⊗ v
0 + γ0v∞ ⊗ v
0), Ad(b−1)(φ) + b∗(ωP )
satisfies ∇ηX = δ. Similar easy computations show that gauge equivalent contact
non-slip Cartan connections must be related by a change of gauge of the form
b = exp(γpv∞ ⊗ v
p + γpvp ⊗ v
0 + γ0v∞ ⊗ v
0) ∈ P+. The same computation shows
that a change of gauge preserving the condition ∇ηX = δ must be trivial. 
Recall Cartan’s notion of development as described in section 4 of chapter 5 of
[17]. If γ˜ : [a, b] = I → G is any lift of γ : [a, b] = I → M , there is a unique
c : I → G such that c∗(ωG) = γ˜
∗(η) and c(a) = e ∈ G, where ωG is the Maurer-
Cartan form of G. While the curve c depends on the choice of lift, its projection
Ψ ◦ c : I → G/P is well-defined up to the action of P on G/P , and is called the
development of γ. (Note that in the proof of Proposition 4.13 in [17] Lemma
4.12 of [17] is misapplied to incorrectly conclude that the projection into G/P of
c does not depend on the choice of lift; the issue is the choice of a basepoint).
Two parameterized curves with the same path develop onto curves with the same
path, so it makes sense to say that the development of a path on M is a member
of a P -invariant family of paths in P(V), e.g. it makes sense to say that a path
develops onto a line. Since the family of contact lines (resp. all lines) in G/P is
invariant under the action of P on G/P , the statement that a path in M develops
onto a contact line (resp. line) in G/P is independent also of the choice of Cartan
connection representing the isomorphism class of η. If η is the Cartan connection
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built from the ambient connection, direct computation as in the proof of Proposition
8.3.5 of [17] and using the explicit description of η implicit in (4.8) shows that the
paths of η which develop onto isotropic lines are exactly the contact geodesics and
the paths which develop onto lines are exactly the geodesics of the subordinate
projective connection of Theorem 3.2. Consequently, for an arbitrary compatible η,
it makes sense to define the induced contact projective structure to comprise those
contact paths in M which develop onto contact lines in G/P . There are in general
many Cartan connections on G inducing a given contact projective structure.
A compatible η induces on the G principal bundle, G ×P˜ G→ L, the G principal
connection, µ, induced by the connection µu,b = Ad(b
−1)(pi∗G(η)) + pi
∗
G(ωG) on
G ×G, where piG and piG are the projections onto the factors of G ×G, and ωG is
the Maurer-Cartan form of G. G ×P˜ G is naturally identified with the symplectic
frame bundle of TL and the induced ∇η is just the affine connection on L induced
by µ. Moreover, if c : I → G is associated as above to the lift γ˜ of γ : I →M , then
γ¯(t) = [γ˜(t), c−1(t)] is a horizontal curve, γ¯ : I → G ×P˜ G, covering γ. Using this it
may be checked that the paths in L which develop via η onto lines in V are exactly
the unparameterized geodesics of ∇η. Evidently these are the horizontal lifts of the
paths in M which develop onto lines in P(V).
Using (4.3), it is straightforward to show that, for compatible η, ∇ηΩ = 0 and
∇η
X
X = X. Let τη and Rη be the torsion and curvature of ∇η. Using that η is
contact non-slip and ∇η
X
X = X, and computing directly the curvature shows that,
for all X,Y ∈ Γ(T 1L), τη(X,Y ) − Rη(X,Y )X ∈ T 2L. The curvature function,
κ(h1, h2), of η vanishes whenever either h1 or h2 is in p, so, by (4.4), R
η(X, X)X =
κ(η(X¯), η(X¯)) · v∞ = 0, and consequently τ
η(X, X) ∈ T 2L for all X ∈ Γ(T 1L).
Next the induced contact projective structure is described more analytically. For
a section, s : M → L, let θ = s∗(α) and define an affine connection, ∇, on M by
∇XY = ρ∗(∇
η
Xˆ
Yˆ ). For a contact non-slip η, the restrictions to T 1L× T 1L of ∇ηα
and 12Ω agree, and this implies that Sym∇θ vanishes when restricted to H×H . By
Lemma 2.1, the geodesics of ∇ determine a contact projective structure. Because
η is contact non-slip,
∇η
X
Yˆ − Yˆ = (∇η
Yˆ
X− Yˆ ) + τη(X, Yˆ ) ∈ T 2L for Y ∈ Γ(H).(4.15)
In particular, ρ∗(∇
η
X
Yˆ ) = Y . If s˜ = fs and direct computation using (4.15) shows
that the connection, ∇˜, induced onM by s˜ determines the same contact projective
structure as does ∇. Moreover it is straightforward to check, as in the proof of
Theorem 3.2, that the contact geodesics of the induced contact projective structure
are the images in M of the paths of the geodesics of ∇η transverse to the vertical
and tangent to kerα. By the remarks above the geodesics of ∇η tangent to kerα
develop onto contact lines in V, and hence their images in M develop onto contact
lines in P(V), so the induced contact projective structure is the same as the contact
projective structure defined using development. To show via the tractor connection
that gauge equivalent contact non-slip Cartan connections, η and µ, induce the
same contact projective structure, choose s : M → L and compute the difference
tensor, Λ, of the connections ρ∗(∇µ
Xˆ
Yˆ ) and ρ∗(∇η
Xˆ
Yˆ ). Computing directly using
(4.3) and Lemma 4.2 shows that Λij
k = γkωij + γjδi
k and Λij
0 = ωij . By Lemma
2.2, the induced contact projective structures are the same.
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4.4. Algebraic Characterization of Curvature of Canonical Cartan Con-
nection. The purpose of this section is to reformulate conditions 4 and 5 of The-
orem B as algebraic conditions on the curvature function of the associated Cartan
connection, and to prove Theorem C.
There is a co-boundary operator, ∂ :
∧k
((g−)
∗) ⊗ g →
∧k+1
((g−)
∗) ⊗ g, (see
[27]), defined when k = 2 by
∂φ(x1, x2, x3) = Cycle [x1 · φ(x2, x3)− φ([x1, x2], x3)] .
Any invariant, symmetric bilinear form, B, on g is a constant multiple of the Killing
form, and soB gives an identification (p+)∗ ≃ g−. Let eα be a basis for g− and let e
α
be the B-dual basis for p+. The formal adjoint with respect to B of the co-boundary
∂ is a boundary ∂∗ :
∧2(g∗−)⊗ g → g∗− ⊗ g defined by B(∂∗ψ, φ) = −B(ψ, ∂φ) for
ψ ∈ ∂∗ :
∧2
(g∗−) ⊗ g and φ ∈ g
∗
− ⊗ g. Via the linear isomorphism, g/p ≃ g−,
induced by B, the adjoint action makes g− a P -module; it can be checked that ∂
∗
is P -equivariant. Recall that a Cartan connection is normal if ∂∗κ = 0.
Because the tractor connection, ∇ = ∇η, is the induced connection on the
associated bundle, G ×P V, its curvature, R, may be computed from the curvature
of η, as in (4.4). By (4.10), κ−2 = 0; in particular, η is regular. The isomorphism
η : TuG → g induces an adjoint map η
t : g∗ → T ∗uG. Because kerB(e
0,−) = f−1,
and Ad(P )(g−2) = g−2, the image under pi∗ of the horizontal subbundle of T
∗G
spanned by ηt(B(e0,−)) is the annihilator of H . Let eI and vI be as in Section 2.4,
and define a frame onM by Ei = pi∗(η
−1(ei)) and T = pi∗(η
−1(2e0)). Choose θ such
that θ(T ) = 1 and θ annihilates H . Because pi∗(θ) is a multiple of ηt(B(e0,−))
and κ−2 = 0, dθ(Eα, Eβ) = 2ωαβ, so that θ is a contact one-form with Reeb
field T . Choose also a θ-adapted coframe dual to the given frame. By (4.4) the
components, κ(ei, ej), of the curvature function are identified with the components,
Rij , of the curvature of the tractor connection, and 2κ(e0, ei) = R0i. Choose
B so that with respect to the standard representation, ρ : Sp(n,R) → GL(V),
B(x, y) = 12 tr (ρ(x)ρ(y)). With respect to the basis vI ⊗ v
J of g ⊂ V⊗ V∗,
ei = vi ⊗ v
∞ − ωiqv0 ⊗ v
q, e0 = v0 ⊗ v
∞, e∞ = v∞ ⊗ v
∞ − v0 ⊗ v
0,
ei = v∞ ⊗ v
i + ωpivp ⊗ v
0, e0 = 2v∞ ⊗ v
0.
Proposition 4.1. The Cartan connection, η, is normal if and only if the underlying
contact projective structure has vanishing contact torsion.
Proof. In general ∂∗κ(x) = [eα, κ(eα, x)]−
1
2κ(eα, [e
α, x]−), which gives
∂∗κ(ej) = [e
0, κ(e0, ej)] + [e
i, κ(ei, ej)], ∂
∗κ(e0) = [e
i, κ(ei, e0)]−
1
2κ(ei, [e
i, e0]−).
Direct computation of ∂∗κ(ej) using (3.20), and direct computation of ∂
∗κ(e0)
using [ei, e0] = −ω
ijej , (2.30), (2.31), and (3.20) give
∂∗κ(ej) =

0 −Qjq +
1
2Qqj −2Usj
s
0 τj
p
q + τjq
p −Qj
p + 12Q
p
j
0 0 0


∂∗κ(e0) =

0 Usq
s + 12Us
s
q
1
2Vs
s
0 12 (Q
p
q +Qq
p) Us
ps + 12Us
sp
0 0 0


If ∂∗κ(ej) = 0, then τj(pq) = 0, from which follows 0 = 2τi(jk) − 2τj(ik) = 3τijk,
so that ∂∗κ = 0 implies the contact torsion vanishes. On the other hand, τijk = 0
34 DANIEL J. F. FOX
implies Qij = 0 and P[αβ] = 0, and, by (3.20), it implies also Vs
s = 0 and Us
ps = 0.
(3.5), (3.20), and (3.17) show Us
s
q + 2Usq
s = −2∇pPpq + (2n − 1)P0q = ∇
pQpq,
so that Us
s
q + 2Usq
s vanishes also. Thus τij
k = 0 implies ∂∗κ(eα) = 0. 
The goal of the remainder of this subsection is to describe the P submodule,
K ⊂ C2(g−, g), appearing in the statement of Theorem C. Given a compatible
(g, P )-Cartan connection on the principal P -bundle G → M , let ∇ = ∇η be the
induced covariant differentiation on the associated tractor bundle T = G ×P V.
Let Rαβ be the components with respect to Eα of the g-valued curvature two-form
of ∇, so Rij = κ(ei, ej) and R0i = 2κ(e0, ei). Because the η constructed from
the ambient connection always satisfies κ−2 = 0, it will be assumed that κ−2 = 0,
which implies that R has the form
RijA
B =

 aij cijq eijbij p dijq p cij p
0 −bijq −aij

 , R0iA B = 2

 ai ciq eibi p diq p ci p
0 −biq −ai

 ,(4.16)
where dij[qp] = 0 and di[qp] = 0 are forced by the requirement that these matrices
are in g. Rewritten in terms of κ, the Bianchi identity, dK = [K, η], becomes
(4.17) ∂κ(h1, h2, h3) + Cycle
[
κ(κ−(h1, h2), h3) + Lη−1(h1)(κ(h2, h3))
]
= 0.
In (4.17), Lη−1(h1)(κ(h2, h3)) is the Lie derivative of the function κ(h2, h3) : G → g.
Because κ−2 = 0, (4.17) implies (∂κ)−2(eα, eβ , eγ) = 0, giving
Cycle ([ei, κ−1(ej , ek)] + ωijκ−2(e0, ek)) = 0,(4.18)
[e0, κ0(ei, ej)] + [ei, κ−1(ej , e0)] + [ej, κ−1(e0, ei)] = 0.(4.19)
As [ek, κ−1(ei, ej)] = bijke0, (4.18) shows b[ijk] = 0. Direct computation using
(4.19) gives aij = −2b[ij] so that RαβB
A has the form
RijA
B =

−2b[ij] cijq eijbij p dijq p cij p
0 −bijq 2b[ij]

 , R0iA B = 2

 ai ciq eibi p diq p ci p
0 −biq −ai

 .(4.20)
Because of the curvature and torsion normalizations of Theorem B, the curvature
of the Cartan connection, η, built from the ambient connection has the form (4.10)
and satisfies additionally,
τ[ijk] = 0, τpi
p = 0 = τp
p
i, P[ij] = −2Q[ij], Qp
p = 0,
Wp
p
i
j = 0, Wipj
p = − 12Qij , Upi
p = P[0i], Cp
pi = 0, Ap
p = 0,
which motivate Definition 4.1. In Definition 4.1 and Lemma 4.3, κ should be
understood as an element of the P -module C2(g−, g).
Definition 4.1. The subspace K ⊂ C2(g−, g) comprises κ of the form (4.20), i.e.
κ−2 = 0, aij = −b[ij], b[ijk] = 0,(4.21)
and satisfying the following additional requirements
bpi
p = 0, bp
p
i = 0, bp
p = 0,(4.22)
cpi
p = ai, dipj
p = −bij , dp
pi = 0, dp
p
i
j = 0, cp
p = 0.(4.23)
Lemma 4.3. K is a P -submodule of C2(g−, g).
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Proof. For b ∈ P , let e˜α = ad(b)(eα), let κ˜ = b · κ, and write κ˜αβ = κ˜(eα, eβ) =
Ad(b−1)(κ(e˜α, e˜β)). The adjoint action of P on g−2 is trivial which suffices to show
the P -invariance of the condition κ−2 = 0. Assuming (4.21), direct computation
∂∗κ(ej) =

bij
i −2bjq − djiq
i + bqj −2aj + 2cij
i
0 bj
p
q + bjq
p −2bj
p + bp j − dji
pi
0 0 −bij
i

 ,(4.24)
∂∗κ(e0) =

 −bl
l aq − dsq
s + 12cs
s
q
1
2es
s − 2cs
s
1
2bs
sp bq
p + bp q +
1
2ds
s
q
p −ds
sp + ap + 12cs
sp
0 − 12bs
s
q bs
s

 .(4.25)
From these it is apparent that in the presence of (4.21) the requirement that
∂∗κ ∈ C1(g−, p˜) is equivalent to (4.22). Representing b ∈ P
+ by exp(γqe
q + 12γ0e
0)
and computing directly gives e˜i = ei and e˜0 = e0 + γ
pep, from which follow
κ˜ij = ad(b
−1)(κij), and κ˜0i = ad(b
−1)(κ0i + γ
sκsi), for b ∈ P
+. Further direct
computation gives the components of κ˜αβ − καβ ,
b˜[ij] − b[ij] = −
1
2γ
pbijp,(4.26)
b˜ij
p − bij
p = 0,(4.27)
c˜ijk − cijk = −2γkb[ij] + γ0bijk + γkγ
pbijp + γ
pdijkp,(4.28)
d˜ijk
l − dijk
l = bij
lγk + γ
lbijk,(4.29)
e˜ij − eij = −4γ0b[ij] − 2γ0γ
pbijp + 2γ
pcijp − γ
pγqdijpq ,(4.30)
a˜i − ai = 2γ
pbip − γ
pbpi + γ
qγpbqip,(4.31)
b˜ij − bij = γ
pbpij ,(4.32)
d˜ij
k − dij
k = bi
kγj + γ
kbij + γ
p
(
dpij
k + γjbpi
k + γkbpij
)
,(4.33)
c˜ij − cij = aiγj + γ0bij(4.34)
+ γp (γjbip + dijp + cpij − γjγqbpi
q + γqdpijq) ,
e˜i − ei = 2γ0ai + γ
p (2cip − 2γ0bip + epi)(4.35)
− γpγq (dipq + 2γ0bpiq − 2cpiq + γ
rdpiqr) .
Represent b ∈ G0 by b = exp(f
−1v∞ ⊗ v
∞ + Fq
pvp ⊗ v
q + fv0 ⊗ v
0), where
Fi
pFj
qωpq = ωij . For such b direct computation gives e˜i = fFi
pep, and e˜0 = f
2e0,
from which follow
κ˜ij = ad(b
−1)(f2Fi
pFj
qκpq), κ˜0i = ad(b
−1)(f3Fi
pκ0p), for b ∈ G0.
Defining Gp
i by Fi
pGp
j = δi
j , further direct computation gives
κ˜ij = f
2Fi
uFj
v

 auv fcuvpFq
p f2euv
f−1Gq
pbuv
q duvr
sGs
pFq
r fcuvsF
ps
0 −f−1Gsqbuv
s −auv

 ,(4.36)
κ˜0i = f
3Fi
u

 au fcupFq
p f2eu
f−1Gq
pbu
q Gs
pFq
rdur
s fGq
pcu
q
0 −f−1bupFq
p −au

 .(4.37)
(4.26), (4.32), (4.27), (4.36), and (4.37) show directly the P -invariance of the condi-
tions aij = −b[ij], b[ijk] = 0, and (4.22). The P -invariance of the conditions (4.23)
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follows from (4.28), (4.29), (4.31), (4.32), (4.33), (4.34), (4.36), and (4.37) by direct
computation. 
It is desirable to find a conceptual description of K that makes clear its P -
invariance. The conditions in (4.21) other than κ−2 = 0 are purely algebraic con-
sequences of the Bianchi identities, (4.18) and (4.19), and so must be P -invariant.
As ∂∗ is P -equivariant and p˜ is invariant under the adjoint action of P on g, the
condition that ∂∗κ take values in p˜ is P -invariant, and so the equivalent conditions
(4.22) are P -invariant as well. The formulation of the remaining conditions is ad
hoc and so demonstration of their P -invariance requires explicit computations.
Proof of Theorem C. The construction from the ambient connection of the Cartan
connection demonstrates the existence of a regular (g, P ) Cartan connection induc-
ing the given contact projective structure, having curvature in K, and satisfying
∇ηX = δ. Now let η be a compatible (g, P ) Cartan connection with curvature
in K and inducing the given contact projective structure. By Lemma 4.2, η is
gauge equivalent to a Cartan connection for which the associated covariant differ-
entiation, ∇η, on TL = G ×P˜ V, satisfies ∇
ηX = δ. Let Rη and τη denote the
curvature and torsion of ∇η, and recall that ∇ηΩ = 0. From ∇ηX = δ there follows
Rη(X, X)X = τη(X, X), and Rη(X, X)X = 0 by (4.4), so that τη(X,−) = 0. This
shows that ∇η satisfies conditions 1-3 of Theorem B.
Because kerB(e0,−) = f−1, the one-form ψ
0 = ηt(B(e0,−)) is horizontal and
annihilates η−1(f−1). Because Ad(b)(e
0) = e0 for all b ∈ P˜ , though not for all
b ∈ P , ψ0 is P˜ -invariant, though it is not P -invariant, and hence ψ0 is the pullback
of some one-form on L which, by compatibility, annihilates kerα. Because∇ηX = δ,
the frame defined in TL by FI = p˜i∗(η
−1(eI)), is an adapted symplectic frame, and
from this there follows p˜i∗(α) = 12ψ
0. By (4.4), RηPQR
SeS = κ(eP , eQ) · eR. It
was already observed that Rη∞QR
S = 0 and RηPQ∞
S = τηPQ
S . Because ∇ηΩ = 0,
the Ricci identity gives Rη
PQ(AB) = R
η
PQAB. Consequently, R
η
ABC
0 = −RηABC∞ =
−RηAB∞C = −τ
η
ABC . By the preceeding, R
η
IJ = R
η
IQJ
Q = RηIqJ
q − τηI0J . Now
explicit computations using the conditions defining K show 4 and 5, so that ∇η
satisfies all the conditions of Theorem B. The uniqueness statement in Theorem B
shows ∇η must be the ambient connection of the given contact projective structure,
from which there follow the identifications
bijk = τijk, cijk = Uijk, dijkl =Wijkl , eij = Vij ,(4.38)
2bij = Qij , 2cij = Aij , 2dijk = Cijk, 2ei = Bi.(4.39)
The identification τijk = bijk and Proposition 4.1 show that η is normal if and only
there vanishes the contact torsion of the underlying contact projective structure.
Direct computation shows that a change of gauge preserving condition 1 must be
trivial, so that this condition singles out the ambient connection as a distinguished
representative of the given isomorphism class of Cartan connections. 
Remark 4.1. By (4.38) and (4.39), the application to the Cartan connection con-
structed from the ambient connection of the transformation formulae in (4.26)-
(4.35) gives the rules for the transformations of the components of the curvature
of the ambient connection under change of scale. For example, (4.27) shows the
invariance of the contact torsion, (4.29) recovers (2.38), and (4.33) recovers (2.39).
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5. Applications
5.1. Lifting Projective Structures on Integral Symplectic Manifolds. An
integral symplectic manifold admits a canonical contactification, and projective
structures on the symplectic manifold can be lifted to contact projective structures
on the contactification. This construction provides many examples of contact pro-
jective structures. It is necessary to take the slightly unusual perspective of allowing
the affine connections representing a projective structure to have torsion.
Proposition 5.1. Given a projective structure on the symplectic manifold (N,ω),
there exists a unique affine connection, ∇, representing the projective structure,
having torsion, τ , and such that
1. ∇ω = 0.
2. The trace of the torsion of ∇ vanishes.
Proof. Raise and lower indices with ω. Let ∇ be a connection with torsion, τ ,
representing the given projective structure, and define ∇¯ by letting its difference
tensor with ∇ be Λijk = −∇kωij −
3
2τ[ijk]. As Λ(ij)k = 0, ∇¯ represents the given
projective structure. (2.4) and (2.5) show ∇¯kωij = 0. Consequently ∇ may be
assumed to make parallel ω. If ∇¯ is another representative of the given projective
structure satisfying Condition 1, there must be a one-form, γ, so that the difference
tensor, Λij
k, of ∇¯ and ∇, satisfies Λ(ij)k =
1
2n+1 (ωikγj + ωjkγi), and Λk[ij] = 0.
Because a three tensor skew in two indices and symmetric in two indices must
vanish, the most general possible choice for Λijk is Λijk =
2
2n+1 (ωijγk + ωikγj).
Tracing the difference of the torsion tensors shows that the unique choice of γ so
that 2 holds also is γi =
1
2τip
p. 
On a symplectic manifold, (N,ω), such that ω represents an integral cohomology
class [ω] ∈ H2(N,Z), there is a principal S1-bundle pi : M → N with connection
one-form, θ, such that the curvature dθ = pi∗ω. The kernel of θ is a contact
structure on M and the infinitesimal generator, T , of the principal S1 action is
the Reeb vector field of θ. The collection of all horizontal lifts of the paths in a
projective structure on N determines on M a contact path geometry, which will
now be shown to be a contact projective structure. Fix ∇ representing the given
projective structure and making ω parallel. Define on M a connection, ∇ˆ, by
∇ˆ
Xˆ
Yˆ = ∇̂XY , ∇ˆXˆT = 0, ∇ˆT Xˆ = LT Xˆ,
where Xˆ is the horizontal lift determined by θ of the vector field X on N . It is
straightforward to check that ∇ˆθ = 0, ∇ˆdθ = 0, and i(T )τˆ = 0. Moreover, if ∇ is
the unique representative given by Proposition 5.1, then the trace of the torsion of
∇ˆ vanishes, so that ∇ˆ is the unique connection associated to θ by Theorem A.
5.2. Pseudo-Hermitian Beltrami Theorem. Recall the classical
Theorem 5.1 (Beltrami Theorem). The projective structure determined by the
geodesics of a Riemannian metric is flat if and only if the Riemannian metric has
constant sectional curvatures.
The proof, which is an exercise in using the Bianchi identities, is in [9]. Next there
is proved an analogous theorem for pseudo-hermitian manifolds.
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A pseudo-hermitian structure is a contact manifold equipped with a distin-
guished contact one-form, θ, and an almost complex structure, J , on H . Here
J : H → H is a real automorphism such that Ji
pJp
j = −δi
j and assumed to
satisfy the compatibility condition
(5.1) [J(X), Y ] + [X, J(Y )] ∈ Γ(H) ∀X,Y ∈ Γ(H).
If in addition J satisfies
(5.2) [J(X), J(Y )]− [X,Y ] = J([J(X), Y ] + [X, J(Y )]) ∀X,Y ∈ Γ(H)
then the pseudo-hermitian structure is said to be integrable. By assumption (5.1),
the inner product defined on H by gij = −Jij is symmetric, and because dθ is non-
degenerate on H , g is non-degenerate on H . The almost complex structure J
determines an (n− 1)-dimensional complex subbundle of the complexified tangent
bundle, T1,0 ⊂ CTM , comprising vector fields of the form X+iJ(X) for X ∈ Γ(H).
Define the Levi form, L(U, V ) = −iω(U, V¯ ) for U, V ∈ Γ(T1,0).
In [19] and [20], Tanaka constructed a canonical affine connection associated to
a pseudo-hermitian structure. In the integrable case his construction specializes as
in the following theorem, the statement of which is taken from [21].
Theorem 5.2 (N. Tanaka). On an integrable pseudo-hermitian manifold there
exists a unique affine connection, ∇¯, the pseudo-hermitian connection, having
torsion τ and satisfying:
1. ∇¯θ = 0.
2. ∇¯dθ = 0.
3. τij
γ = ωijδ0
γ .
4. Ji
pAp
j = −Ai
pJp
j where Aα
β = τ0α
β is the pseudo-hermitian torsion.
By definition A0
β = 0; by Condition 2, Aα
0 = 0; and by (2.7), A[ij] = 0. By
Condition 1, Lemma 2.1 implies that the geodesics of ∇¯ induce a contact projective
structure. Define a connection, ∇, by ∇XY − ∇¯XY = Λ(X,Y ), where Λαβ
γ =
−δα
0Aβ
γ . Because Λ(ij)
γ = 0, ∇ admits the same full set of contact geodesics
as does ∇¯. Moreover, ∇ is the representative associated to θ by Theorem A. That
∇θ = 0 and ∇ω = 0 follow by direct computation using (2.4). The torsions are
related by ταβ
γ− τ¯αβ
γ = 2δ[α
0Aβ]
γ , so that τ0β
γ = Aβ
γ−Aβ
γ = 0, and τij
k = 0
(so that τip
p = 0). This shows ∇ satisfies the conditions of Theorem A and proves:
Proposition 5.2. An integrable pseudo-hermitian structure induces a contact pro-
jective structure with vanishing contact torsion.
Note that, while ∇kJi
j = 0, ∇0Ji
j = 2Ai
pJp
j . Let R¯αβγ
σ denote the curvature
of ∇¯. Lemma 2.32 shows that
R¯ijk
l −Rijk
l = ωijAk,
l , R¯0ij
k −R0ij
k = −∇¯iAj
k = −∇iAj
k.(5.3)
Define a quadratic form on T1,0 by Q(Z) = L(R¯(Z, Z¯)Z,Z) for Z ∈ Γ(T1,0). For
Z ∈ Γ(T1,0), Webster, [24], defined by Q(Z) = K(Z)L(Z,Z)
2 the holomorphic
sectional curvature, K(Z), of the subspace spanned by Z and Z¯. The pseudo-
hermitian structure has constant sectional curvature κ if there is a constant
κ so that K(Z) = κ for all Z ∈ Γ(T1,0). The pseudo-hermitian connection is said
to have transverse symmetry if Aij = 0. The following theorem is the desired
pseudo-hermitian analogue of the Beltrami theorem.
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Theorem 5.3. The contact projective structure induced by an integrable pseudo-
hermitian structure having transverse symmetry is flat if and only if the pseudo-
hermitian structure has constant sectional curvatures.
Proof. Extend Jij to Jαβ by setting Jα0 = 0 = J0β . Because Aij = 0, the preceed-
ing discussion shows that the pseudo-hermitian connection, ∇¯ = ∇, is the represen-
tative associated to θ by Theorem A of the contact projective structure induced by
the given pseudo-hermitian structure. By Proposition 5.2 the induced contact pro-
jective structure has vanishing contact torsion and so, by the first Bianchi identity,
(2.14), R[αβγ]
δ = 0. By the Ricci identity and ∇J = 0,
(5.4) Rαβγ
pJpδ = −Rαβδ
pJpγ ,
so that the tensor Rαβγ
qJqδ has the same symmetries as does the curvature of a
Levi-Civita connection, and a standard argument implies that
(5.5) Rαβγ
qJqδ = Rγδα
qJqβ .
By the non-degeneracy of Jij , R0ij
qJqk = Rjk0
qJqi = 0 implies R0ijk = 0. Since
τijk = 0 and Wijkl = 0, expanding (5.4) gives
0 =RikJjl −RjkJil + ωjkRi
pJpl − ωikRj
pJpl − 2ωijRk
pJpl+(5.6)
RilJjk −RjlJik + ωjlRi
pJpk − ωilRj
pJpk − 2ωijRl
pJpk.
Set R = RpqJ
pq. Tracing (5.4) in ij and using (2.15) gives Ji
qRq
pJpk = −Rik, so
that tracing (5.6) with Jjl gives
2(n− 1)Rij = JijR,(5.7)
4n(n− 1)Rijkl = R(ωjlJik − ωilJjk + ωjkJil − ωikJjl − 2ωijJkl).(5.8)
When 2n − 1 = 3 the hypothesis is Cijk = 0, and when 2n − 1 ≥ 5 Lemma 2.7
shows that Wijkl = 0 implies Cijk = 0. So C(ijk) = 0, which, by 0 = R0ijk , (2.29),
and (5.7), implies 0 = 12n(n−1)J(ij∇k)R. Tracing this with J
ij gives ∇kR = 0. By
the traced second Bianchi identity, (2.21), and the vanishing of R0ijk, ∇0Rij =
−∇pR0ij
p = 0, so, by (5.7), 0 = Jij∇0R, and tracing this shows ∇0R = 0. Thus
R is a constant function. Using (5.4) in (5.8) gives n(1 − n)RipklJj
pxixjxkxl =
Rgijgklx
ixjxkxl, which implies n(n− 1)Q(Z) = RL(Z,Z)2 for all Z ∈ Γ(T1,0), so
that the pseudo-hermitian structure has constant sectional curvatures.
Assume given the contact projective structure induced by a pseudo-hermitian
structure with transverse symmetry and constant sectional curvatures. Using (5.5)
and the other symmetries of Rijkl shows RpqklJi
pJj
q = Rijkl . Polarizing the
equality of quartic forms n(1−n)RipklJj
pxixjxkxl = Rgijgklx
ixjxkxl given by the
assumption of constant sectional curvature gives Rp(ijkJl)
p = cg(ijgkl), and using
(5.5), RpqklJi
pJj
q = Rijkl , and relabeling gives
(5.9) Rljki −Rjkli +RplqiJj
qJk
p = c(ωjigkl + ωjlgik + ωjkgil).
Tracing (5.9) in ij and usingRpqklJi
pJj
q = Rijkl and (5.5) gives (5.8), for a suitable
constant, R. This implies (5.7) and hence Wijkl = 0, so that if the dimension is at
least 5, the contact projective structure is flat. In three dimensions, R0ijk = 0, so
Cijk =
1
n
∇(iRjk), which vanishes by (5.7). 
Example 5.1. In [15], V. Matveev studies the space of Riemannian metrics projec-
tively equivalent to a given Riemannian metric. An analogous problem is to describe
the space of pseudo-hermitian structures determining the same contact projective
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structure. Two pseudo-hermitian structures are homothetic if their contact one-
forms differ by a constant. Two pseudo-hermitian structures represent the same
CR structure if their contact one-forms differ by a non-vanishing scale factor. It is
easy to prove that conformally equivalent Riemannian metrics determine the same
projective structure if and only if they are homothetic. Similarly, using (2.8) and
the analogous formula for the transformation of the pseudo-hermitian connection
under a change of scale, it may be shown that, if the dimension is at least five, two
integrable pseudo-hermitian structures representing the same CR structure gener-
ate the same contact projective structure if and only if they are homothetic. The
idea for the following example of non-homothetic, contact projectively equivalent
pseudo-hermitian structures comes from Matveev’s description, [15], of Beltrami’s
example of projectively equivalent non-homothetic Riemannian metrics. Any linear
conformal symplectic automorphism, A, of (R2n,Ω), determines the contactomor-
phism, x→ ψ(x) = |Ax|−1Ax, of S2n−1. As A preserves linear isotropic subspaces,
ψ preserves the intersections with S2n−1 of isotropic subspaces. These intersections
are equatorial spheres each of which is everywhere tangent to the contact hyper-
plane. In particular, ψ maps contact lines on S2n−1 to contact lines, so ψ is an au-
tomorphism of the standard flat contact projective structure on S2n−1. Equipping
Cn with the standard Hermitian form the imaginary part of which is Ω induces
on the unit sphere, S2n−1, the standard pseudo-hermitian structure. Because ψ
is a contactomorphism, the standard pseudo-hermitian structure on S2n−1 may be
pulled back via ψ. As ψ preserves contact circles, the contact geodesics of the pulled
back pseudo-hermitian structure are necessarily the same as those of the standard
pseudo-hermitian structure. ψ is a homothety of the standard pseudo-hermitian
structure if and only if it agrees with the restriction to S2n−1 of a scalar multiple
of a unitary linear transformation, and it is easily checked that this happens if and
only if A is a scalar multiple of a unitary transformation. Consequently, if A is
not a constant multiple of a unitary transformation, then these pseudo-hermitian
structures are not homothetic, though they induce equivalent contact projective
structures.
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